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MODERN MATHEMATICS is both a point of 
view and new subject matter. These are, 
however, inextricably intertwined. The 
new point of view is attained by looking at 
the content of elementary mathematics in 
the light of the new subject matter. 

It should be noted at once that there is 
no sharp dividing line between “tradi- 
tional” mathematics and “‘modern”’ math- 
ematics. The development of mathematics 
has been continuous; the newer ideas have 
grown out of the older; and many teachers 
have been presenting traditional content 
from a point of view accurately described 
as modern. 

A very simple example will suffice. Many 
a first-year algebra student has been told, 
and in turn will state that 2?—7? is factor- 
able but 2?+,? is not. This statement is 
completely in the spirit of traditional or 
old-fashioned mathematics; it stresses the 
manipulative character of algebra. Yet 
every teacher knows that the statement is 
incomplete. Inasmuch as 2?—y?=(xr—y) 
(x+y) and the 
statement about factorability is acceptable 
only if the kinds of numbers admissible as 
coefficients are specified. Many teachers 
have pointed out this fact, at least to their 
better students. 
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Modern mathematics and its place 


in the secondary school 


ALBERT E. MEDER, JR., Rutgers University, New Brunswick, New Jersey. 
Secondary teachers often ask, “‘What is modern mathematics?”’ 
It is new subject matter and a new point of view. 


From the point of view of modern math- 
ematics, reference would be made to the 
field of the coefficients: x? —y* is factorable 
in the field of rational numbers; x?+7? is 
not factorable in this field, but is factor- 
able in the field of complex numbers. The 
notion of field—a technical term which we 
have not yet defined—belongs to modern 
mathematics. The fact about factorability 
certainly antedates modern mathematics. 

It should be noted, as illustrated here, 
that the same fact can often be discussed 
from the traditional point of view of alge- 
bra as a form of manipulative skill, or from 
the modern point of view of algebra as the 
study of mathematical structure. 

Perhaps it was in geometry that the 
modern point of view was first expressed. 
Here, in fact, it is possible to set dates. The 
earlier view of Euclidean geometry as the 
description of the space in which we live, 
a priori true, with axioms and postulates 
regarded as self-evident truths, was for- 
ever destroyed by the work of Lobachev- 
ski and Bolyai and their creation of non- 
Euclidean geometries about 1830. While 
no one would advocate teaching beginners 
the full significance of the parallel postu- 
late, it is reasonable to expect that the 
teaching of elementary geometry should 
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not be entirely unaffected by so complete 
a reversal of earlier views. 

The development of projective geome- 
try, in which the infinite region of the 
plane is regarded quite differently than in 
the geometry of Euclid, another advance 
of the early nineteenth century, increased 
confusion by apparently authorizing si- 
multaneously the statement that parallel 
lines meet at infinity as well as the state- 
ment that parallel lines are lines that never 
meet. The confusion was resolved by the 
point of view introduced by Felix Klein in 
1872 in a famous paper which has become 
known as the Erlanger Programm. 

The geometry of Euclid—more prop- 
erly called metric geometry—is considered 
as the study of the properties of geometric 
configurations that remain unaltered un- 
der rigid motion and projective geometry 
as the study of the properties of geometric 
configurations that remain unaltered un- 
der projection. 

Thus the Pythagorean theorem (or, for 
that matter, its generalization, the law of 
cosines, a?=b?+c?—2be cos A), which 
plainly remains true however the triangle 
in question may be rigidly moved about 
but becomes false if the figure is in any 
way distorted, is an appropriate theorem 
in metric geometry. A theorem, on the 
other hand, which states that the three 
intersections of opposite sides of a hexa- 
gon inscribed in a circle (or an ellipse, for 
that matter) lie on a straight line is a the- 
orem of projective geometry. For, while 
the property in question is unaltered if the 
configuration is moved about rigidly, it 
also is unchanged if the configuration is 
drawn on a slide and projected on a plane 
by a lantern in any way whatever. 

The modern point of view, which as has 
been indicated is not particularly recent, 
distinguishes between geometries. In met- 
ric geometry, parallel lines cannot meet; in 
projective geometry, they meet in a so- 
called point at infinity, and these points 
form a line at infinity; in yet another ge- 
ometry, there is only a single point at in- 
finity. 


Thus, as algebra is to be viewed as a 
study of structures, so geometry is to be 
viewed as the study of invariance (“un- 
changingness”) under various kinds of 
transformations. 

One of the most important characteris- 
tics of both traditional and modern math- 
ematics has been an emphasis upon deduc- 
tion. Deductive reasoning has ever been 
correctly regarded as the mathematical 
method, as inductive reasoning is the 
method of science. But modernity has 
wrought changes in this notion, too. 

Once it became clear that mathematics 
could not be regarded properly as a process 
of reasoning deductively from propositions 
that were self-evident, the axioms and 
postulates on which any branch of mathe- 
matics rests had to be regarded simply as 
assumptions. Any part of mathematics, 
then, when put into organized form, turns 
out to consist of a list of primitive or unde- 
fined terms and unproved propositions or 
assumptions, definitions given in terms of 
the undefined ideas, and proofs resting on 
the unproved propositions. 

This view leads to an increased empha- 
sis on deductive reasoning, but also to a 
lessened concern with the particular con- 
cepts about which the deductive reasoning 
takes place. It shows, for example, that 
deductive reasoning may be employed in 
algebra, as well as geometry, since both 
alike rest on a set of unproved assump- 
tions. It indicates, too, that deductive 
reasoning may be taught by the use of 
‘small systems’’—a few assumptions lead- 
ing to a few theorems—as well as by the 
use of a “major system” like Euclidean 
plane geometry. 

One thing more—both cause and effect, 
as a matter of fact—this viewpoint leads 
to the development of logic itself as a 
mathematical system resting on such un- 
defined ideas as “not” and “or,” and upon 
such unproved propositions as ‘‘a proposi- 
tion and its denial are not both true.” 

Thus, modern mathematics is a point of 
view: mathematics is thought of as con- 
sisting of the deductive development of 


Modern mathematics and its place in the secondary school 419 


l- 

le 

is 

e 

e 

n 

y 

J 

; 


certain propositions from a list of assump- 
tions accepted without proof about terms 
undefined except as limited by the condi- 
tions of the accepted assumptions. In par- 
ticular, as already indicated, geometry is 
the study of invariance and algebra the 
study of structure. 

But modern mathematics is also new 
subject matter. A moment's reflection will 
indicate that the point of view just ex- 
plained would necessarily lead to the in- 
vestigation of systems of assumptions 
previously neglected and in all likelihood 
to the development of new mathematical 
knowledge. 

Let us take our first example from geom- 
etry. Suppose that we consider a config- 
uration, say a circle, and ask what proper- 
ties remain invariant, not if we move the 
configuration rigidly, or project it from a 
point, but if we squeeze it or stretch it, or, 
in technical language, deform it continu- 
ously, as if it were drawn on a sheet of 
rubber. Obviously it will not always re- 
main a circle. It may indeed seem that 
there is little if anything that does not 
change, but there is one property of the 
greatest importance that persists through 
every continuous deformation that we 
may make. This is the property that the 
closed curve divides the plane into an “‘in- 
side” and an “outside.” And this property 
is not as obvious as it may appear. It 
seems obvious for a circle, but what about 
a closed curve like that below, obtained 
from a circle by a lot of twisting and 
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stretching? Is it obvious at a glance that 
there is an “inside’’? 

What we wish to stress here, however, is 
not this theorem or any result, but the fact 
that we have here a new branch of mathe- 
matics, topology. The rapidity and scope of 
its development and its mathematical im- 
portance are truly astonishing; the trans- 
formation of pure mathematics through 
topological concepts may be likened to the 
transformation of communication through 
the development of the vacuum tube. 

Again, the mathematical study of logic 
has led to another new subject, symbolic 
logic. This subject has made tremendous 
strides in the past twenty years, and its 
content and literature are extensive. But 
the portion of concern to school mathe- 
matics is easily grasped. This is the sub- 
ject often called the calculus of proposi- 
tions. 

Let p symbolize some sentence, say, 
“the sun is shining,’ and g symbolize 
another sentence, say, “snow is falling.” 
Then various combinations of these sen- 
tences can be formulated, for instance: 
p, or q, or both; either p, or g, but not 
both; p and q; if p, then q; p if, and only 
if, g; and so forth. Thus the fourth of 
these combinations, in our illustration, 
would mean “if the sun is shining, snow 
is falling’—a statement which is most 
likely false. 

One of the objectives in the study of 
symbolic logic is to determine in terms of 
the truth or falsehood of certain proposi- 
tions, the truth or falsehood of sentences 
which are combinations of these proposi- 
tions. Thus “‘p and q’’ is true if both p and 
q are true; false, if either p or q is false, or 
if both p and q are false. On the other 
hand, “if p, then q’”’ is regarded as true if 
q is true or if p is false, and false otherwise. 
(It will take a little thought to justify this 
situation; if it seems unduly strange, just 
let it go.) 

Interestingly enough, the calculus of 
propositions is analogous to the theory of 
electrical circuits. In this analogy, propo- 
sitions correspond to switches; true, to the 
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switch position that will permit current to 
flow, viz., closed; and false, to the opposite 
switch position, namely, open. Then “ ‘p 
and q’ is true if, and only if, both p and q 
are true” may be regarded as saying “a 
combination of two switches will permit 
current to flow if and only if both switches 
are closed.” Similarly, “ ‘if p, then q’ is 
true if q is true or if p is false” says that 
current flows in the circuit symbolized by 
“if p, then q” only if the switch gq is closed 
or the switch p is open. The familiar situa- 
tion of switches upstairs and downstairs 
controlling the hall light whereby the light 
may be turned on when it is off by altering 
the present position of either switch, but 
not both, is illustrative of the proposition: 
““p if, and only if, g.” 

Many of the modern applications of 
symbolic logic are to computing machinery 
in which a large number of relays 
(switches) have to be analyzed. 

We have indicated how the modern 
point of view in geometry and in logic has 
led to new subjects; the same thing is true 
in algebra. Here we have a variety of con- 
cepts—groups, fields, rings—all dealing 
with structural, rather than manipulative, 
aspects of algebra. None is especially dif- 
ficult to grasp; it would, however, take 
more space than is available to discuss 
these ideas in any detail. Only a brief 
illustration will be given. 

A set of numbers, for instance, forms a 
field if it is possible to add, subtract, multi- 
ply, and divide any number by any other 
(except that division by zero must of 
course be excluded) without going outside 
the set. The field of rational numbers is an 
example. The integers, however, do not 
form a field, because division will bring in 
the fractions. They form a ring: multi- 


' plication, addition, and subtraction are 


possible without going outside. (Both 
positive and negative integers are in- 
cluded, of course.) 

The defining characteristics of a group 
require that an operation obeying the asso- 
ciative law be universally possible and al- 
ways yield results within the system, and 
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that with respect to this operation there 
be an inverse and an identity. Thus, the 
positive rational numbers form a group 
with respect to multiplication: any two 
such numbers may be multiplied; the re- 
sult of such multiplication is one of the 
positive rationals; 1 is the identity, that 
is, a multiplier leaving the multiplicand 
unaltered; and 1/a is the inverse for any 
positive rational a. 

The following remarks about fields of 
algebraic numbers will show how these 
concepts, here but sketched, do enable us 
to study structure rather than merely to 
manipulate expressions. The field of ra- 
tional numbers is contained in any such 
field whatever, and the field of complex 
numbers is the largest field one can have 
in which the usual laws of arithmetic are 
valid. The field of complex numbers con- 
tains many other fields: the field of all real 
numbers, for example, and the field of all 
numbers obtained by applying addition, 
subtraction, multiplication, and division 
to the number 1/2 and all those derived 
from it by these four operations. One could 
instead start with \/3 or 1/6. All of these 
fields are different. There are, of course, 
countless other numbers that one could use 
to generate number fields. Not all fields so 
obtained will be different. If we start with 
\/12 we will obtain the same field as we 
would if we started with \/3, for instance. 

Another mathematical development suf- 
ficiently extensive to be regarded as a new 
subject is the Theory of Probability and 
Statistical Inference. Again this has its 
roots in the past. Indeed the first serious 
discussion of the ideas of probability 
seems to have taken place in the seven- 
teenth century in connection with the 
analysis by Fermat and Pascal of certain 
gambling games. Every teacher is familiar 
with the fact that a few remarks about 
probability occur in traditional advanced 
algebra texts immediately following the 
discussion of permutations and combina- 
tions. Every teacher, too, is familiar with 
the computation of the (arithmetic) mean 
and the median of a collection of data. 
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The modern theory of probability, sta- 
tistics, and statistical inference is much 
more extensive than the elementary ideas 
which have hitherto found their way into 
school texts. 

It is no accident that in modern mathe- 
matics a large place is given to considera- 
tions of this sort. Many problems of 
science, business, industry, and govern- 
ment involve the consideration of large 
masses of numerical data obtained bas- 
ically either by counting or by measure- 
ment. With respect to such data, the 
mathematician or statistician must deal 
with questions of presentation, analysis, 
and inference. 

For example, how can extensive data be 
so summarized as to show essential fea- 
tures and to reveal relationships without 
unwarranted distortion, intentional or un- 
intentional? Closely related is the question 
of how to characterize the data with re- 
spect to their average value and their 
“spread” from it or their “clustering” 
about it and one or more other values. 
Important mathematical techniques have 
been worked out to answer these ques- 
tions. 

Even more significant is the question of 
drawing conclusions from the data. This 
consideration is particularly important if 
the data have resulted from a sampling 
process. Modern techniques of polling by 
telephone or by personal interview have 
made almost everyone familiar with the 
fact that conclusions in practical life are 
in fact drawn from data which are only 
“samples” of available information. Less 
familiar, perhaps, but even more im- 
portant are certain techniques of indus- 
trial testing based on inspection by 
sampling. 

It is a question of the utmost im- 
portance in modern mathematical sta- 
tistics and its industrial and scientific 
applications to determine the conditions 
under which inferences can be reliably 
drawn from sampling data, and how re- 
liable such inferences are. The question, 
“how reliable?” obviously calls for an 


answer in terms of probability, not in 
terms of “‘yes’’ or “no.” 

Perhaps the most important new con- 
cept in all modern mathematics, however, 
is the notion of set. This is because it is 
used in all branches of mathematics— 
algebra, geometry, logic, topology, and all 
the rest. It is a simple notion, but one of 
pervasive importance and therefore worth 
studying for its own sake. It is in itself a 
unifying principle. In terms of this notion 
such diverse ideas as function, locus, and 
root can be easily and clearly defined. 

The notion of set is indeed so simple 
that it was used earlier in describing the 
more complicated idea of field. Perhaps its 
use passed unnoticed when it was said 
above that under certain conditions a set 
of numbers constituted a field. A set, then, 
is any collection of objects or entities. All 
that is necessary is to be able to determine 
of anything whether or not it is part of the 
collection. 

Thus the following are sets: 


(1) All positive integers less than 7: 
1, 2, 3, 4, 5, 6 

(2) All chairs in a particular room 

(3) The two numbers that satisfy the 
equation 2?—5r+4=0 

(4) The vertices of a particular triangle 

(5) The lamp posts in the city of Cleve- 
land, Ohio 
The gas meters belonging to the 
Pacific Gas & Electric Company 

(7) The points whose coordinates sat- 
isfy the equation 9x?+4y? = 36. 


To make good on our statement above, 
we note that: 


(1) A locus is the set of points satisfying; 
a certain condition 

(2) A root of an equation is one of a set 
of numbers satisfying the equation, 
and 

(3) A function is a set of ordered pairs 
of numbers such that no two pairs 
in the set can have the same first 
element and different second ele- 
ments. 
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It also turns out that a workable theory 
of probability and statistical inference is 
most effectively presented in terms of the 
concept of set. Indeed, in computing 
probability we are concerned with the 
ratio of the number of favorable “events” 
to all possible ‘“events’’; e.g., the number 
of heads in a large number of tosses of a 
coin, or the number of traffic lights that 
show green upon our approach as we drive 
down a certain highway. It is quite obvi- 
ous that we can express such notions in 
terms of sets, and even more evident that 
sampling processes can be described in 
terms of sets, some of which are included 
in other sets. Moreover, the theory of 
probability can be formulated deductively 
in terms of assumptions and primitive 
notions, just like other branches of mathe- 
matics. 

One of the very important character- 
istics of modern mathematics is its concern 
with questions of a stochastic character— 
that is, those in which some chance ele- 
ment enters, notwithstanding the common 
idea, even among educated people, that 
mathematics is always fixed, immutable, 
or deterministic in character. That the 
same notion of set is of fundamental im- 
portance both in the mathematics of 
stochastic processes and in deterministic 
mathematics is evidence of the very great 
significance of this concept. 

It is therefore appropriate to study the 
notion of set in its own right. One defines 
intersection of two sets (their common 
part; union of two sets (the set including 
everything in both the original sets); in- 
clusion of one set in another; sub-set; the 
complement of a set with respect to one 
within which it is included (everything in 
the larger set not in the smaller). One 
discusses the manner in which sets may be 
defined: by enumeration (obviously valid 
for finite sets only), or by a condition 
which elements of the set must satisfy. 
One can define and discuss various kinds 
of sets, for example, finite sets or infinite 


sets. One can classify sets according to 
properties they possess. The importance 
of all this is that, in thus discussing a 
theory of sets, one is in fact discussing a 
concept which may be used to unify and 
simplify the presentation of many other- 
wise diverse branches of mathematics, 
thus promoting both effectiveness and 
economy in the learning of mathematics. 


What is it, then, that we are really 
asking, those of us who urge the introduc- 
tion of modern mathematics into the 
secondary school curriculum? We are ask- 
ing that teachers familiarize themselves 
with certain basic concepts —new in form, 
but partially familiar in substance—and 
creatively utilize these simplifying and 
unifying concepts in their teaching once 
again to make the study and learning of 
mathematics a stimulating, interesting, 
and vitalized intellectual adventure. 

We are asking, too, for something that 
the best teachers have always done, 
namely, to adopt, with respect to both 
subject matter and teaching, a point of 
view that regards mathematics as a living 
subject, not a collection of formulas or 
manipulations long since completed and 
embalmed in textbooks, but a vital, ever- 
growing subject related to the throbbing 
life of the twentieth century as it has been 
to the life of all centuries since time began, 
queen and handmaiden of the sciences. 

Of mathematics, more than of any other 
subject, it can be said that it is ‘‘ever 
changing, yet eternally the same.” Noth- 
ing in mathematics is ever lost, nothing 
becomes unimportant. But because mathe- 
matics is ever growing, its subject matter 
can remain manageable only through the 
introduction of new, unifying principles 


and points of view. This, in a word, is 


what we are asking and advocating: that 
secondary school mathematics be taught 
from the point of view of, and through the 
use of, the unifying principles of the 
present day. 
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Placing the decimal point 
in slide rule computation 


THE CHIEF OBSTACLE for the student who 
is learning the use of the slide rule usually 
lies, not in obtaining the correct significant 
digits for his result, but rather in locating 
the position of the decimal point. Mathe- 
matics textbooks which devote pages to 
teaching the use of the slide rule and the 
manuals accompanying slide rules suggest 
various methods for determining the mag- 
nitude of the answer. Perhaps the most 
common is that of making a rough mental 
calculation and placing the decimal point 
in accordance with the result of that calcu- 
lation. For example, in multiplying 
76.3 X43.2 by slide rule the digits of the 
product are 330. By rough calculation the 
product can be considered as 80 X 40 which 
will determine the magnitude of the 
product, or 3300. 

In many simple problems this method is 
completely satisfactory, and certainly one 
task of the mathematics teacher should be 
to impress on his students the importance 
of estimating the answer to any problem 
before computation is begun. However, 
when the student attempts to find the 
product of .0000523 and .00418, for ex- 
ample, he has difficulty in making a rough 
mental calculation and then asks for a 
method upon which he can always de- 
pend. 

To supply this need it is possible to 
make use of scientific notation or the 
standard form of a number in working a 
problem by slide rule. It not only gives the 
student confidence that he has placed the 


RUSSELL F. JAcOBS, Missouri Military Academy, Mexico, Missouri. 
The author suggests ways to help high school students 
place the decimal point in slide rule calculations. 
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decimal point correctly by providing a 
meaningful basis for this phase of the 
problem, but it also increases the student’s 
understanding of scientific notation and 
the laws of exponents. 

There follow some examples of the use 
of scientific notation in slide rule compu- 
tation. 


MULTIPLICATION 


To multiply .00843 and .412 by slide 
rule, we first express the factors in scien- 
tific notation and indicate the product as 
(8.43 X 10-*) -(4.1210-'). Applying the 
law of exponents for multiplication this 
product becomes 8.43 X4.12K10—. We 
find the digits of the product of the first 
two factors by slide rule and get 347. By 
rough mental calculation, 8 (approx.) 
<4 (approx.), we know that this product 
must be 34.7. Multiplying this by 10~ 
yields .00347 as our final answer. 

After a short amount of drill the student 
soon learns by this method to locate the 
decimal point quickly and accurately. 
The students may be allowed to use the 
following notation to expedite their com- 
putation: 

—1 
.00843 X .412 = .00347 
A A A 


The carats in the left member _represent 
the position of the decimal point for the 
numbers expressed in scientific notation, 
and the carat in the right member the 
position of the decimal point before multi- 


4 


plying by the proper power of ten. The 
superscripts are the exponents of the 
power of ten for each number. 


Division 
In dividing .687 by 92500, it is difficult 
to determine the magnitude of the quo- 
tient at a glance. Expressing the dividend 
and divisor in scientific notation, the prob- 
lem becomes 


(6.87 X 10—') + (9.25 


6.87 107! 
9.25 10* 


The decimal equivalent of the first frac- 
tion (obtained by slice rule) is .743 and 
that of the second (by the law of exponents 
for division) is 10-*. Their product is 
.00000743. This is the quotient of 
.687 + 92500. 


MULTIPLICATION AND DIVISION 
COMBINED 


In working a problem combining multi- 
plication and division, such as 


531 X8.64 X .00244 
137 X296 X 444 


essentially the same process is used. Ex- 
pressing the factors of numerator and de- 
nominator in scientific notation and ap- 
‘plying the law of exponents for multipli- 
cation to the powers of ten, we have 


5.31X8.64X2.44 107? 
1.37X2.96X4.44 10° 


The digits of the quotient indicated by the 

first fraction are 622. By rough calculation 

this quotient can be considered as: 
5X9X2 90 


1x3xX4 12 °° 


Therefore, the actual quotient to three 
digits must be 6.22 since this number is 
closer to 7.5 than is either .622 or 62.2. 
Multiplying 6.22 by 10-’ produces 
.000000622 for our final answer. 


SQUARES AND SQUARE ROOTS 


In squaring a number by slide rule, 
essentially the same procedure for placing 
the decimal point is used as in multiplica- 
tion. For example, (595)? is expressed in 
standard form as (5.9510)? or (5.95)? 
X 10*. (5.95)? =35.4, and this multiplied by 
10* gives 354,000 for the answer. 

In finding the square root of a number, 
the number must first be expressed as the 
product of a number between 1 and 100 
and an even power of 10. Thus +/246 
is first expressed as 1/2.46X10? or 
2.46 X 10'. By direct reading on the slide 
rule, \/2.46 is 1.57 and this multiplied by 
10! gives 15.7 as the square root of 246. 

+/2460 would first be expressed as 
V24.6X10® or /24.6X10' which would 
produce 49.6. 


CUBES AND CUBE ROOTS 


To cube a number, such as .0461, express 
it in scientific notation as (4.61<10-). 
Then its cube is_ represented by 
(4.61 X10-)* or (4.61)*X10-*. (4.61)* by 
slide rule is 98.0, and this number multi- 
plied by 10~ gives .0000980. 

In finding cube roots by slide rule, the 
number must first be expressed as the 
product of a number between 1 and 1000 
and a power of 10 whose exponent is di- 
visible by three. Thus ~/,00219 would be 
VW2.19X10- or ¥/2.19X10—. By direct 
reading on the slide rule, the cube root of 
2.19 is 1.30, and this multiplied by 10 
gives .130 for the answer. 

In like manner, +/89600 would be first 
expressed as ¥/89.6X or ¥/89.6 X 

The writer enthusiastically recommends 
the method just described for teaching 
placing of the decimal point in slide rule 
computation. It provides the student with 
an accurate process for determining the 
magnitude of his result; and, as mentioned 
before, it gives the student practice in 
estimating answers and familiarizes him 
with scientific notation. Experience has 
shown that there is a high degree of reten- 
tion of the skill through this meaningful 
application of scientific notation. 
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The mathematics and science teacher 


JAMES H. ZANT, Oklahoma State University, Stillwater, Oklahoma. 
How can we teach more and better mathematics? 


You HAVE DOUBTLESS READ, in recent 
months, that this country is experiencing 
an acute shortage of mathematicians, 
scientists, and engineers. These shortages 
exist not only in the fields of high school 
and college teaching but in industry and 
government service. Not enough scientists 
and engineers are available anywhere and 
even the poorly or improperly trained ones 
have a wide variety of jobs from which to 
choose. 

Whether we like it or not, the world is 
engaged in an international conflict, a con- 
flict of ideas. Russia may well win in races 
other than those of the Olympic Games. 
Since the United States cannot hope to 
exceed her opponents in numbers, we must 
rely on a greater development of our re- 
sources. The greatest strength of our na- 
tion lies in the undeveloped intellectual 
capacity of our youth; and the place where 
the development of this resource must 
begin is in the high school. 

Technical potential in a nation is not 
the only basis for existence, progress, or 
survival, but it is becoming increasingly 
recognized as an essential in the modern 
world. It is also generally recognized that 
mathematics and science teachers play a 
key role in increasing our technical poten- 
tial. The existence of the nation may well 
depend upon the next generation’s being 
adequately trained in these fields. Hence, 
current efforts to help teachers increase 

1 Read on March 9, 1956 to the Northeastern Sec- 


tion of the Oklahoma Education Association, Musko- 
gee, Oklahoma. 


their competence in mathematics and 
science at all levels—particularly with 
respect to content—is most timely. 

The Soviet Union is aware of the value 
of well-trained scientists, mathematicians, 
and engineers, and is steadily increasing 
the number of trained personnel in these 
areas. In this country, the number is just 
as dramatically decreasing. In Russia, the 
number of engineering graduates increased 
from 28,000 in 1950 to 50,000 in 1955; 
during the same period, the number of 
engineering graduates in the United States 
decreased from 53,000 to 23,000. There are 
indications that the number in the United 
States will soon be increasing, but the sup- 
ply will not be adequate until we have a 
much larger increase than is now foresee- 
able. 

This problem is vital and urgent. It is 
not only something being played up in the 
newspapers and magazines. It is being 
given serious consideration by the best 
scientists, businessmen, and representa- 
tives of federal and state government in 
the country. Programs to improve this 
situation have received favorable consid- 
eration by committees of the Congress, 
and amounts of money appropriated for 
these purposes have steadily increased. 

It is known that many students receive their 
first career motivation while in high school and 
those who continue into higher education in a 
particular field often do so because of a strong 
motivation received from some stimulating, pro- 
vocative, and informed teacher. The fact that 


only about half of the best quarter of high school 
graduates continue on to college indicates rather 
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strongly that—as one of several contributing 
factors—teacher effectiveness in our high schools 
can be improved substantially. Studies have 
shown that although many able students fail to 
undertake college level training for financial rea- 
sons, many others fail to continue their educa- 
tion because of reasons related to motivation 
and interest.” 


All of this is an implied criticism of 
high school mathematics and science 
teachers. From an impartial self-examina- 
tion we must admit that this implication 
has some merit. 


1. First, many teachers in these areas were 
poorly and improperly trained when they began 
their careers as teachers. This may be due to 
many things: for instance, the courses in mathe- 
matics and science required of prospective 
teachers in these fields may not have been the 
kind of courses needed, the all-too-common 
practice being for college and university science 
departments to leave to the department or 
school of education the responsibility for train- 
ing potential teachers, etc. Educators, scientists, 
and the teachers themselves are becoming in- 
creasingly aware of the shortcomings of this sys- 
tem. 

2. Second, and this is most important, even 
many of those who were relatively well trained 
when they began teaching have lost touch with 
modern advances in their field. Keeping up to 
date is not easy, but opportunities to improve 
along this line are becoming more common. 
Some of these will be discussed later in this 
paper. 

3. Third, many teachers are required by cir- 
cumstances over which they have no control to 
teach subjects in which they are poorly pre- 
pared. Teachers are aware of this and are as 
eager to improve the situation as are the stu- 
dents and parents. 


When we compare a teacher with some 
or all of the incompetencies mentioned 
above to one who comes into the class- 
room with the full confidence that he is a 
master of any situation in his field that 
may come up, we realize that many of us 
are not as well prepared as we would like 
to be. 

When we look at this situation, we re- 
alize that something must be done to up- 
grade the teachers of the public schools. 
National security demands it. In the field 
of mathematics, with which I am most 
familiar, the situation is undoubtedly 

? National Science Foundation, Staff Paper, Pro- 


posal for a High School Science Teachers Supplementary 
Training Program. August 10, 1955. 


worse than in any other field. The first two 
items mentioned above—poor prepara- 
tion and a lack of knowledge of modern 
concepts—handicap nearly all of us in 
high school and college alike. We have had 
either too few mathematics course or not 
the proper kind of courses, or both. The 
standard mathematics courses for the 
undergraduate area, and often the more 
advanced courses, are traditional and old- 
fashioned. This has been referred to as 
classical mathematics. Much or most of 
this still is good mathematics, but it is not 
modern. It has been pointed out many 
times that more mathematics has been 
produced since 1900 than in all previous 
times. Together with the fact that mathe- 
matics unlike the other sciences rarely dis- 
cards a theory as being “wrong” or use- 
less, this makes the total field of mathe- 
matics very large. However, since little or 
none of the new mathematics has been in- 
corporated into the high school or college 
curriculum, most teachers of mathematics 
are unfamiliar with it. 

The fine, old, classical program in 
mathematics is as beautiful as ever, and 
we all love to teach it. But there is a grow- 
ing need for our students to have some 
knowledge of the more modern concepts 
in the field. Time was when the mathe- 
matics major got a job as a teacher in high 
school or college—in fact, until a dozen 
years ago, that was the only kind of job 
he could get. He needed no modern mathe- 
matics, and no one realized that his train- 
ing was out of date. But times have 
changed. An ever-increasing percentage of 
our students is being employed in industry 
and government service. Here they must 
compete with others, and this demands 
something more than classical mathemat- 
ics. 

Hence we come to the point where there 
is not enough time to dwell at such length 
on the traditional phases of mathematics. 
The fine, old, classical program in mathe- 
matics must become more elastic. Experi- 
mental courses which include some of the 
concepts of modern mathematics have 
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been taught in a number of the secondary 
schools in this country. Careful experi- 
mental work is being done now on the 
revision of the secondary school, curricu- 
lum in this field,* and there is a Commis- 
sion on Mathematics which has been ap- 
pointed to encourage high school teachers 
to rewrite parts of the high school courses 
from a modern point of view.‘ 

This idea that the high school and col- 
lege curriculum must be reorganized to 
include more of modern mathematics is 
not a fad. It is not something that will 


blow over in a few years. If we are going’ 


to equip our students to face the problems 
they must meet in their advanced training 
or in the jobs they will want, we must 
modernize our mathematics curriculum. 
It is a problem we will have to face. 

In order to meet the problem ade- 
quately, we must know what modern 
mathematics is, how and where it is used, 
and how we can go about getting it into 
the curriculum. It is not assumed here 
that all of these things can be discussed 
adequately in a short paper. However, 
some attempt will be made and it is hoped 
that the ideas will be developed more fully 
as time goes on. 


MEANING OF MODERN MATHEMATICS 


What is modern mathematics? It may 
be defined roughly as the mathematics 
that has been developed in the last fifty 
years. A more succinct definition given by 
one very competent mathematician, prob- 
ably speaking off the record, is ‘the 
mathematics that modern mathematicians 
are doing now.”’ We shall attempt to char- 
acterize modern mathematics by giving 
some illustrations close to the fields with 
which we are familiar. 


3 See University of Illinois Committee on School 
Mathematics, First and Second Course in School Math- 
ematics, 1955-1956. University High School, Urbana, 
Illinois. 

4 Commission on Mathematics, Professor A. W. 
Tucker, Princeton University Chairman. For informa- 
tion, write Albert E. Meder, Executive Director, 
Commission on Mathematics, College Entrance Ex- 
amination Board, 425 West 117 Street, New York 27, 
New York. 


1. The new concepts 

There are many of these. Most of them 
are pure fabrications of the human mind. 
Strangely enough, these concepts have in 
most cases become very useful, not only 
in mathematics but in many areas of 
modern science and technology. Some of 
these are group theory, the theory of sets, 
game theory, point set and combinatorial 
topology, algebraic topology, the theory 
of matrices, abstract algebra, and many 
others. While many of the fundamental 
notions involved in these concepts are not 
too difficult, the mastery of any of these 
areas comes only with painstaking effort 
and a high type of ability. 


2. New uses of old concepts 


Many of the concepts familiar in the 
older type of mathematics are useful in 
developing new concepts and in getting a 
clear concept of modern mathematics. 

a) By a new point of view. Certain areas 
in mathematics may be approached from 
a different point of view and thus become 
more meaningful and more useful. For 
example, addition and multiplication in 
beginning algebra are usually taught as a 
set of rules and manipulations to find the 
sum and product. But it is more than this. 
We may say that anybody can add num- 
bers. We also add time by saying 10+4=2 
when we want to add 4 hours to 10 o’clock 
in the morning. The reverse of adding 10 
to 4 also gives 2; hence, this sort of addi- 
tion is commutative, a formal property of 
addition. This is addition, ‘modulo 12,” 
and the sum is the ordinary sum with 
multiples of 12 discarded. Such addition is 
possible with any whole number used as a 
modulus. It has all of the properties of 
ordinary addition, such as a+b=b+a 
(commutative), (a+b) +c=a+(b+c) (as- 
sociative), a+0=a, etc. Similar state- 
ments can be made for multiplication. 
modulo 12. 

This leads to the conclusion that algebra 
should really include the study of the 
formal properties of addition and multipli- 
cation and not merely the mastery of a 


428 The Mathematics Teacher | October, 1957 


pee 


‘ 
Rigi 1 
‘ 


great many manipulations and _ tricks. 
These formal properties of- addition and 
multiplication lead readily to the notion 
of an Abelian group as a collection or set of 
elements (not necessarily numbers), which 
ean be added or multiplied, subject to 
these and other formal properties. A col- 
lection is an Abelian group under addition 
if the following properties hold: 


(1) Closed, a+b=c where a, b, and c 
are elements of the collection 

(2) Commutative, a+b=b+a 

(3) Associative, a+(b+c) =(a+b)+c 

(4) Has an identity element 0, such 
that a+0=a 

(5) Has an inverse element —a, such 
that a+(—a)=0 


An example of a collection of numbers 
that is an Abelian group under addition is 
the set of integers (both positive and nega- 
tive) and zero. There are, of course, many 
others. 

This notion of a group appears through- 
out mathematics, mechanics, and in many 
parts of physics. Once the basic notion is 
available, the framework can easily be 
applied to many situations. Moreover, the 
basic description and illustration of this 
notion could easily be made accessible to 
high school students as one instance of a 
simple and exciting new mathematical 
tool.5 

b) By using a more precise or extended 
definition. Consider the idea of variable in 
mathematics. A variable is often defined 
as a number which changes or as a symbol 
to which various values may be assigned. 
This loose definition causes difficulty early 
in the study of algebra. For example, we 
assign this problem: “Find the length and 
width of a rectangle if the length is 2 more 
than the width and the area is 63.” We 
tell the student to let x represent the 
width, z+2 represent the length, and 


5 Saunders MacLane, “‘The Impact of Modern 
Mathematics,” Bulletin National Association of Sec- 
ondary 


School Principals, Vol. 38, No. 203 (May, 


1954), p. 68. 


solve z?+2z2—63 =0. Then we must try to 
convince him that z= —9 is not an answer 
to the problem. If a variable is defined 
more carefully as a symbol (z, y, 2, etc.) 
which represents any one of a specified set 
or collection of values (numbers in algebra 
usually), our explanation that —9 is not 
an answer has some meaning. This speci- 
fied set is called the domain or range of the 
variable and must be understood to de- 


_ termine which “answers” to an equation 


can be used. In many cases the domain of 
a variable is the field of complex numbers, 
but it may be the positive numbers, as in 
the case above, or it may be the positive 
integers, as in the case of a problem deal- 
ing with people or with the paid admis- 
sions to a football game, etc. 

c) A different and more extended use of a 
concept. Numerous examples of this sort 
exist in modern mathematics. We ordi- 
narily count and do various problems in 
arithmetic using numbers to the base 10, 
and the digits 0, 1, 2, 3,...9, probably 
because we were born with ten fingers. 
Other bases are possible and have been 
used in various cultures in the history of 
the human race. For example, the Maya 
Indians in Central America had a well- 
developed number system to the base of 20 
about the time Columbus discovered the 
continent. But number systems to other 
bases have more than historical interest to 
modern mathematicians and modern in- 
dustry. We may use only two digits, 0 and 
1, to count with. Our numbers are then 1, 
10, 11, 100, 101 instead of 1, 2,3, 4, 5. The 
number 1011 means 2*+2-+1, or 11 in the 
ordinary notation. This may be thought 
of as a plaything of the mathematician— 
and it may have originated that way—but 
it is not a fad. It has a new importance and 
has made a terrific impact on the modern 
world because “this method of counting is 
of necessity used in the powerful modern 
digital computing machines—for the rea- 
son that they count on electrical relays, 
which have only two fingers, ‘off’ and ‘on.’ 
This idea has the advantage of simplicity 
and practical relevance—plus the striking 
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feature that it promotes real understand- 
ing of what the ordinary symbols for 
numbers mean. It is a notion which should 
be introduced to every secondary-school 
pupil, whether in business arithmetic, 
algebra, or elsewhere.’’® 

In geometry, we still force pupils to go 
laboriously through long proofs, in spite of 
the fact that there may be associated with 
any plane geometry an algebra of the co- 
ordinates of points as ordered pairs of 
numbers (analytic geometry or graphs as 
taught in most algebra courses), by which 
these same theorems may be proved with 
ease. Moreover, we have discovered ‘“‘that 
space is not just the three-dimensional 
Euclidean space of our immediate experi- 
ence, but that spaces and geometries of 
the utmost variety and character are pos- 
sible and useful. For instance, most sur- 
faces have two sides, but there can be one- 
sided surfaces: an easy illustration can be 
found by taking a long strip of paper, 
turning one end over, and then pasting the 
ends together. This model is but one vivid 
illustration of the notions of a new part 
of geometry known as topology.’”” 

In trigonometry we solve many tri- 
angles with much labor by the use of 
logarithms, even though in practice this 
labor is replaced by the slide rule or com- 
puting machines. Through all of this the 
real idea of logarithms is either lost or 
never recognized, even though it can be 
stated very simply as a method of chang- 
ing multiplication into addition, in sym- 
bols: log ab=log a+log b. This is as 
illustration of a property in one phase of 
mathematics which reappears in many 
other places as the same fundamental idea. 
In this case the idea of “turning multipli- 
cation into addition appears over and over 
again in group theory and elsewhere, 
where it goes under the name of homo- 
morphism (of a multiplicative group into 
an additive group).’’® 


* Saunders MacLane, op. cit., p. 69. 
7 Ibid. 
® Saunders MacLane, op. cit., p. 70. 
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This approach of considering the con- 
cepts of mathematics from many points 
of view is, as we have pointed out, one of 
the characteristics of modern mathematics 
that has made it a powerful tool for under- 
standing mathematics and also for appli- 
cation to different situations. We can solve 
problems in new ways, solve some prob- 
lems that we have been unable to solve 
before, and discover properties that have 
eluded us before. 


WHAT SHALL WE DO? 


First, most teachers of high school 
mathematics and, in many cases, those of 
college mathematics must learn modern 
mathematics. This will be no easy task. 
Since these concepts have not been in the 
college curriculum heretofore, most teach- 
ers have had no opportunity to learn 
them. Also, since much of modern mathe- 
matics has been developed in the last ten 
or fifteen years, many mathematics teach- 
ers with good training are still out of date 
on the more modern aspects of the subject. 
We have then a necessity to learn modern 
mathematics. 

In the final analysis the learning of 
modern mathematics, like any other sub- 
ject, must be done by the individual. He 
may return to the graduate school, attend 
special institutes or training programs, or 
work individually. Since the need for 
modernization is urgent, teachers should 
have some financial assistance so that an 
understanding of the new concepts can be 
obtained more quickly. Some such assist- 
ance is now available for the attendance of 
summer institutes sponsored by both 
government and industry. The National 
Science Foundation, a federal agency, 
sponsors summer institutes and full-year 
programs for teachers of mathematics and 
the sciences. A number of foundations and 
many private industries are sponsoring 
programs and/or scholarships for training 
in both mathematics and science. These 
programs, under all types of sponsorship, 
will almost certainly be expanded in the 
immediate future so that a considerable 
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number of our teachers will have oppor- 
tunities to participate in them. 

A second basic problem at both the high 
school and college level is how to get some 
of the concepts of modern mathematics 
into the curriculum, assuming, of course, 
that this is desirable. This has been called 
a revolution in mathematics, and it “may 
be bloodless, but it is not painless. It is 
indeed painful for some teachers of mathe- 
matics to give up what they have always 
considered necessary and to replace this 
by less familiar material even though the 
evidence is before them that the new ideas 
are needed for modern science.’’® 

Moreover, teachers at both college and 

high school level need help in getting 
teaching material including concepts in 
modern mathematics organized and 
written for classroom use. Most of the 
sponsored programs have given almost 
exclusive emphasis to subject matter in 
mathematics and science. Methods of 
teaching and textual materials have been 
considered, if at all, only in incidental dis- 
cussions, seminars, and the like. The Na- 
tional Science Foundation feels that this is 
the best approach to the problem, and it is 
certainly a necessary first step. Many feel 
that the problems of curriculum and the 
actual writing of teaching materials have 
not received enough attention, particu- 
larily at the summer institutes. There is 
some evidence that the National Science 
Foundation is willing to allow work on 
curriculum and textual materials at the 
programs which they sponsor. In the 1956 
Summer Institute for Teachers of High 
School Mathematics at the Iowa State 
Teachers College, Cedar Falls, lowa, some 
of the participants actually produced 150 
pages of teaching material in the areas of 
trigonometry, algebra, and geometry. 


*C. O. Oakley, “‘Revolution in Mathematics,” 
Journal of the Electrochemical Society, Vol. 102, No. 3 
(March, 1955). 


It has been mentioned earlier in this 
paper that the Committee on School 
Mathematics of the University of Illinois 
has worked for several years on a First and 
Second Course in Secondary Mathematics. 
This material involves many concepts 
from the field of modern mathematics. 

It should be mentioned also that the 
Mathematical Association of America has 
had for several years a Committee on 
Undergraduate Instruction in Mathe- 
matics, which has been actively engaged 
in writing and sponsoring the use of teach- 
ing material in modern mathematics at 
the freshman and sophomore level in 
college. 

All of these activities, and many others, 
indicate that there is indeed a revolution 
under way in the fields of mathematics 
and science. Modernization in these areas 
is badly needed and is urgent for national 
security. Government and industry and 
the colleges are aware of this need and 
urgency, and they are willing to provide 
the necessary training so that teachers and 
schools will be able to go about the task of 
remedying the situation. 

The alert teacher of mathematics and 
science in the secondary school and the 
college can look forward to an increasingly 
interesting job in his field. There is every 
indication that he must learn some new 
concepts from the standpoint of content 
and that many of these will find their way 
into the curriculum. There is a definite 
shortage of well trained personnel in these 
fields and national leaders are looking to 
the secondary teachers of mathematics 
and science to inspire and encourage capa- 

ble students to enter such fields. It means 
also that we must teach more and better 
mathematics and science to the students 
we send on for more advanced study. It is 
expected of us, and we are convinced that 
ample provision will be made for teachers 
to get the training they need to perform 
this urgent and vital function. 
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A comparison of American- 
with European-schooled youngsters— 


a challenge 


ALBERT F. DOREMUS, Glen Rock Public Schools, Glen Rock, New Jersey. 
Are American pupils holding their own scholastically? 


AMERICANS in general are showing an 
ever increasing interest in their schools. 
One question of current interest is: How 
well do our American school children com- 
pare academically with the European- 
trained youngsters? Are our pupils holding 
their own scholastically? 

Not since the emergence of the free pub- 
lic school on the national scene has there 
been so much written or said concerning 
education in general. In steadily growing 
numbers, people at the grassroots level are 
actively concerning themselves with such 
problems as the current shortage of fully 
trained teachers, rising school costs, and 
the need for adequate educational build- 
ings and facilities. 

However, these same people see as their 
major concera the quality of the instruc- 
tional program carried on behind the 
closed doors in well over a million class- 
rooms and lecture halls throughout the 
land. As a result of this genuinely sincere 
public interest, educators and locally 
chosen schoolboard members are fre- 
quently asked by parents, taxpayers, 
civic groups, and others to explain, and in 
some cases defend, current or proposed 
teaching methods and educational philoso- 
phies. 

Most school people welcome this healthy 
challenge. They are proud of the individ- 
ual nature of America’s universal and free 
public program of education with its em- 
phasis on the full mental, moral, social, 


and emotional development of each indi- 
vidual child entrusted to its care. They 
are proud of the fact that American schools 
not only are producing fine scholars but 
are fostering the development of outstand- 
ing citizens as well. 

In recent months there has come about 
a general revival of the old question: 
“Are American school children, reared in 
an educational atmosphere where sub- 
ject matter, while of major importance, is 
not the only essential element in the educa- 
tive process, academically inferior to chil- 
dren educated in European schools where 
the acquisition of subject facts is the all- 
important school activity?” 

Critics of our American system are quick 
to cite the almost endless listing of incon- 
clusive research studies, magazine articles, 
and press reports which frequently dis- 
tort the facts and purport to show that 
our youngsters are inferior in every way 
to European-schooled youngsters. Con- 
fronted with such misleading, unreliable, 
and frequently out-dated materials, 
American educators must convincingly 
face up to such accusations with more 
than words alone. 

While much effort and money in recent 
years has gone into the development of 
testing programs designed to measure 
and compare pupil achievement in local 
communities with pupil progress in neigh- 
boring communities, states, and through- 
out the nation as a whole, little has been 
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done to provide a basis for comparison 
between the American school product and 
his European counterpart. In the light of 
such a broadened concept of academic 
comparison it appears somewhat unreal- 
istic and even futile to continue only to 
measure our own products against others 
of the same when in the final analysis 
European methods and philosophies might 
well be producing a premium yield. 

In an effort to contribute to this area of 
international comparison of pupil achieve- 
ment the Glen Rock, New Jersey, public 
schools are currently conducting a series 
of research projects intended to evaluate 
Glen Rock-European pupil performance. 
In connection with one phase of the study 
just completed, one hundred Glen Rock 
sixth graders from the system’s schools 
were given the British Cotswold Measure- 
ment of Ability Test. This test, prepared 
by Drs. C. M. Fleming and J. W. Jenkins 
of the University of London’s Institute of 
Education, is currently in general use 
throughout the schools of the United 
Kingdom and has gained wide acceptance 
abroad as a valid measuring instrument in 
the arithmetic area. Results of the testing 
program showed the Glen Rock children 
to be 13 points above the medium stand- 
ardized score obtained by British children. 
This placed the average of our tested 
group at the eightieth percentile by the 
British standardization. The top one 
quarter of our children were at or above 
the ninetieth percentile, one half were at 


New knowledge in the main is no longer the 
product of the individual mind conjecturing in 


or above the eightieth percentile, and three 
quarters were at or above the seventieth 
percentile. On an individual basis, the 
overwhelming majority of our students 
performed as well as the top one half of 
the British standardizing group. 

In a further interpretation of the test 
results, Mr. Eugene J. Bradford, Super- 
intendent of Schools, explained that the 
format and wording of the test was quite 
new to the Glen Rock students, thereby 
placing them at a decided disadvantage. 

“There are many values to be derived 
from making controlled comparisons of the 
kind,” said Mr. Bradford. “Up to now we 
have compared Glen Rock pupils with 
other American children. Now, through 
the use of American standardized tests, we 
are able to gain increased insight into the 
effectiveness of our American school phi- 
losophy and curriculum, as well as gain 
valuable information which will help to 
improve the effectiveness of our teaching.” 

Plans are under way for additional com- 
parative testing to take place during the 
next few years. These tests will cover sev- 
eral other areas of the school curriculum 
and will be administered to varying age 
and grade groups throughout the school 
system. 

The Glen Rock research program, sup- 
ported by a community of 12,000, is of 
necessity modest both in scope and num- 
bers tested. However, it may point the 
way to a renewed interest in a most im- 
portant and long neglected field. 


solitude. In the future, the major strides in 
man’s understanding of the world about him will 
probably be derived through co-operative effort. 
Thus we pass from the boundaries of the indi- 
vidual mind to the activities of the collective 
mind, not in the older sense of the “general will” 
of the plurality of like units, but in the modern 
sense of a multitude of varied and diverse minds 
working in harmony with the whole.—“ Knowl- 
edge Goes Berserk’’ by J. H. Shera in The Satur- 


day Review, December 1, 1956. 
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school arithmetic 


Many apparently hard problems are open 
to simple solutions. About thirty years 
ago there was a problem floating around in 
the graduate schools, which Steinmetz! 
was said to have solved in his head in 
about two minutes, while at a dinner party 
one evening. Briefly stated, the problem 
is: 

“Given two circular cylinders of equal 
radius r whose axes intersect at 90°, what 
volume is common to their intersection?” 

One summer evening three of us were 
awaiting the beginning of a concert in the 
Hollywood Bowl.’ To pass the time, we de- 
cided to “brainstorm” this problem. We 
tried to visualize the odd-shaped volume 
under consideration, and we discovered 
that setting limits of integration and 
evaluating the triple integral mentally was 
by no means easy. 

Then one of us hit upon the simplifying 
fact that any section taken perpendicular 
to the third axis of the figure, that is, 
parallel to the plane containing the axes of 
the two cylinders, is a square. It was then 
possible to adopt as an element of volume 
a thin square plate of thickness dt=r sin 
6d@, and of side 2r sin 0. This leads to a 
volume element dV sin* By inte- 
grating this for all values of @ from 0 to z, 
we arrived at the volume of the figure, 


1T have recently discovered that Archimedes 
solved this problem about 2200 years ago! He probably 
employed methods not unlike those here proposed. 

2 Morgan Ward, J. A. Van den Akker, R. M. 
Sutton, then at California Institute of Technology, 
Pasadena, California. 


The “Steinmetz problem” and 


RICHARD M. SUTTON, Case Institute of Technology, Cleveland, Ohio. 
A simple solution for an intriguing problem. 


434 The Mathematics Teacher | October, 1957 


48,3. Thus, by the combined efforts of 
three of us, we had matched wits with 
Steinmetz, and, of course, we felt good. 
Those who like mental gymnastics may 
wish to stop at this point, visualize the 
problem, and verify the result. 

A recent fresh examination of the prob- 
lem reveals another simplification in 
thinking which would enable even a junior- 
high-school student to perform the prob- 
lem. Perhaps some young person in high 
school will, if given the stimulus of this 
kind of thinking, begin early to grasp the 
essential ideas of integral calculus, freed 
from the mechanics of fancy integrations. 

Let us assume first that the student 
knows from his seventh- and eighth-grade 
arithmetic that the area of a circle is rr? 
and that the area of its circumscribing 
square is 4r?. Hence the ratio of the area of 
a square to that of its inscribed circle is 
4/r. (I met this ratio first in grade school 
as the reciprocal ratio, 7/4, or the mystic 
number 0.7854 - - - ) Second, the student 
knows that the volume of a sphere is 
$zr*. Admittedly, such commonly ac- 
cepted knowledge is the result of integra- 
tions not consciously performed by the 
young discoverer. 

Now, let us imagine a sphere of radius r 
neatly enclosed within the volume com- 
mon to the intersecting cylinders, also of 
radius r. This volume of intersection and 
the inscribed sphere may then be thought 
of as “sliced” with a sharp, infinitely thin 
knife into a great many thin parallel slices 
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as described earlier in this note. Each slice 
will be a square with an inscribed circle. 
Each square slice will have volume 4/x 
times the volume of the corresponding 
circular slice of the sphere. Hence, if the 
student can see that the sum of all the 
thin, circular slices makes up the volume 
of the sphere, he will also visualize that the 
sum of all the corresponding square slices 
makes up the interesting volume included 
by the intersection of the two cylinders. 
This volume must therefore be, as before, 
4873, or just two-thirds of the volume of 
the cube that encloses both the sphere and 
the special volume sought. 

It is not possibleto know whether Stein- 


metz reached his solution so promptly by 
just these short-cut methods, although he 
certainly was capable of doing so.* The 
possibility of simplifying this problem 
after one or two harder starts illustrates 
again the statement which Kettering once 
posted in the General Motors Research 
Laboratory: “This problem once solved 
will be easy!” Perhaps we can train stu- 
dents to save unnecessary steps or to 
simplify problems by early use of the 
imagination and fuller use of the simple 
resources at their command. 


3 For this new line of thought, I am indebted to 
two of the men in the Management Development 
Course at Case Institute. 


Hail to nothing! Hail to zero! 

Hail to cipher! Hail my hero! 

There’s no symbol quite so cryptic 

As you figure, plumb, elliptic. 

There are some who call you “aught,” 
Though most others call you ‘“‘naught,”’ 
There are those who read you “O.” 
Oh, if what I owe were so! 

You are what I got in school, 

When I chose to play the fool. 

Plus and minus calculation 

Makes you center of creation. 

Think not naught is always naught, 
With some digits aught is wrought. 


Infinite! Infinitesimal! 


Rows of goose eggs from the decimal! 
When you’re added—it’s so strange— 
Or subtracted, there’s no change! 
When you try to multiply, 

To the product say “Good-bye!”’ 

As divisor, all’s begot. 

Dividend? Quotient’s naught. 

When both up and down you are, 

To your value there’s no bar. 


Index of community! 


All things then are unity. 

Factorial? Are you one? 

So you are! And that’s no pun! 

There are zero hours and days. 

Calendars omit that phase. 

I say then, “Hail to zero! 

Hail to nothing! Hail our hero!’’ 

Gerald J. Cox, taken from 

American Scientist, October, 1956, 
and published with the permission of 


the author and the American Scientist. 
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Some drill techniques 


for arithmetic 


WILLIAM D. VAUGHN, Redondo Union High School, 


Redondo Beach California. 


Teachers will enjoy using the interest-catching 


Ir ts a relatively easy matter to motivate 
interest in a new unit or subject. To begin 
with, it is new and has the flavor of the 
unknown, a spice that tempts the curi- 
osity of all. It isn’t until later, after the 
new unit has been well launched and the 
first blush of new discovery and adventure 
begins to fade, that problems appear. 
Interest in the new is no longer at a high 
peak for, after all, the new is now familiar; 
and the familiar is commonplace. But, 
though interest flags, the material of the 
subject or process must be learned and 
drill exercises designed to achieve that pur- 
pose are assigned. It isn’t too easy, how- 
ever, to motivate drill exercises, especially 
in the field of arithmetic. How then is it 
possible to get students in a receptive 
frame of mind? 

The answer, it would seem, is to use 
some interest-catching device. It need not 
be a device to rejuvenate interest in the 
material presently being learned; it should, 
however, be related to the subject area as 
a whole. The use of such a device for five 
or possibly ten minutes at the beginning of 
a period will usually generate enough 
interest on the part of the students to 
last through the remainder of the lesson. 
Interested and receptive students plus 
meaningful material well presented mean 
a good lesson. 

Fortunately for teachers of arithmetic, 
there are numerous interest-catching de- 
vices that may be employed to arouse 
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drill devices presented in this article. 


interest. It is obvious that the device em- 
ployed must be suitable to the age level of 
the students, and this needs no further 
comment. Arithmetical games, puzzles, 
cross-number puzzles, and the like may be 
used with considerable success. The origin 
of numbers and mathematical discoveries 
are also interesting as well as informative. 
However, the teacher should collect a 
variety of these devices. Repeated use of a 
single device defeats the purpose for 
which it was designed—to catch interest. 

The average teacher probably already 
knows one or two suitable devices; with a 
little digging he can discover many more. 
The rewards for this labor are a more 
interested and attentive class. What 
teacher would ask more? 

Here are a few interest-catching devices 
teachers may find valuable. 


“Buzz’’! 


The first player in the group says ‘“‘one,” 
the next “two,” and so on until the num- 
ber seven is reached, when “‘buzz’’ is sub- 
stituted for it. The counting goes on, 
“buzz” being substituted for every multi- 
ple of seven and also for the seven in any 
number: as “buzz-teen’”’ for seventeen and 
“twenty-buzz” for twenty-seven. Seventy 
becomes “‘buzz-ty,” and seventy-one is 
“‘buzzty-one,” while seventy-seven is 
“‘buazty-buzz.”” When a player misses, he 


1 Jerome 8. Meyer, The Big Fun Book (New York: 
The Grolier Society, 1940), p. 671. 


i 
1 


iy 
4 
: 
A 
| 
| 


drops from the game. A miss consists in 
saying a number instead of “buzz’’ or in 
saying “‘buzz” in the wrong place. The 
game proceeds until one person remains, 
the winner. 

Many variations of ‘Buzz’ are possible. 
It may be made more difficult by requiring 
the players to say “‘buzz’”’ when the digits 
of a two-digit number add up to seven. It 
is a simple game, but one which ele- 
mentary grade students enjoy. 


MENTAL ARITHMETIC 


Mental arithmetic is another interest- 
catching device that I have used with con- 
siderable success. In itself mental arith- 
metic has little value, but as a means to 
the end of learning the fundamental com- 
binations in addition, multiplication, etc., 
its value is great. 

Extending multiplication facts to 19 X19 
would seem quite a chore. In reality, it 
may be accomplished in five minutes. The 
individual student can with ease soon 
multiply mentally up to 19X19 with a 
little practice. He’s a budding “Quiz Kid,” 
and who wouldn’t like to be that smart? 
The method is best explained by working 
an example. 

Problem 1: Multiply 17X13 

Procedure: To the whole of one of the 
numbers, say 17, add the units of the other 
number, 3. This gives 17+3=20. Next, 
multiply the answer, 20, by ten (just add 
a zero), giving 200. Then multiply the 
units of both numbers, 7 and 3, together, 
getting 21. The final answer is the 200 plus 
the 21 or 221. 

Problem 2: Multiply 16X15 

Steps 1. 16+ 5= 21 

2. 21xX10=210 

3. 6X 5= 30 

4. 210+30=240=the final an- 
swer 

Problem 3: Multiply 13 13 

Steps 1. 13+ 3= 16 

2. 16X10=160 

3. 3X 3= 9 

4. 160+ 9=169=the final an- 
swer 


The procedure is a relatively simple one 
to learn, and it is truly a painless drill tech- 
nique, providing enjoyment and challenge 
as well as necessary drill over basic addi- 
tion and multiplication facts. 

The method is based upon the following 
principle. 

Let a and b be any two digits from 0 to 
9. They may be equal or different. Then 
10+a=some “teen” number and 
= another “teen” number. 


(10+-a) X (10+b) = 10°+ 10a-+10b+-ab 
=10[10+a+b]+ab 
=10[(10+a)+b]+ab 


Another mental-arithmetic device stu- 
dents enjoy is easy to learn and provides 
drill on “‘basic’”’ facts. It also permits better 
estimation of answers in other problems. 
The device is a method of multiplying two- 
digit numbers when the tens-digits are the 
same and the unit-digits add up to ten. 

The steps are: 

1. Multiply the unit-digits together and 
bring down (place) the product as the last 
two digits in the answer. 

2. Increase one of the tens-digits by 
one. 

3. Multiply this number by the other 
tens-digit and bring down the product to 
complete the final answer. 

Problem 1. 35X35 

Steps 1. 5X5=25 35 

2.3+1= 4 X35 
3. 4X3=12 1225 


Problem 2. 22 X28 
Steps 1. 8X2=16 
2. 2+1= 3 
3. 3X2= 6 


Problem 3. 87 X83 

Steps 1. 7X3=21 87 
2. 8+1= 9 X83 
3. 9X8=72 7221 


The proof of this method is simple to 
derive and is similar to the proof given 
before. It will be left to the mathematical 
ingenuity of the reader to derive it. 
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A mental calendar 


REV. BROTHER LEO, 0.8.F., St. Francis College, Brooklyn, New York. 
Some teachers will find this mental calendar interesting ; 

some will find it useful; and some will be intrigued 

by the explanation of how it “‘works.” 


Nor veERY MANY mathematics teachers Addenda: 

seem to be familiar with the Mental 1. In leap year, use 0 and 3 for key numbers 

Calendar, a system of finding the day of of January and February respectively. 

the week for any given date of the Grego- 2. For years in the not, te 2 ae 

rian calendar. 2000’s, | add 6 more 
The method is as follows. 2100's, add 4 more 


Each month has a key number: The method applies to all dates under 
the Gregorian calendar, which took effect 


January 1 July 0 
Thursday, September 14, 1752, in the 
April 0 ; English-speaking countries. 
M 2 Novemb 4 
pend 5 Feeney ¢ Another illustration: July 4, 1776. 
Last two figures of the year 76 
First take the last two figures of the Divide by 4 19 
year . Key number for July 0 
Day of the month 4 
Divide by 4 (omitting all fractions). Add 4 for 18th century 4 
Take the key number for the month. oven 
Take the day of the month. Total 103 
Divide by 7, retaining only the re- th day of the week was Thursday. July 
4, 1776 was a Thursday. 
: As a further simplification, one may 


The somainder gives the day of the divide continually by seven and retain 
week, i.e., 1 is Sunday, 2 is Monday, cide 
etc. 0 is Saturday, the seventh day of y , 


the week. April 14, 1865 (the day Lincoln was shot). 
: l oa Last two figures of the year, 65, di- 

As for example: December 25, 1955. vided by 7 gives the remainder 2 
Last two figures of the year 55 Bo ig 65 by 4 ore = 16 divided 2 
Divide by 4 (omitting any fractions) 13 K 
Key number for December (from table) 6 ied pret repli! 46 divided by 7 0 
Day of the month 25 ay of the month, 14, divided by 

w dbs gives the remainder 0 
Total 99 Add 2 for 19th century s 
Total 6 


Dividing by 7, we get 14 and a re- 
mainder of 1. 1 indicates Sunday. In 1955, April 14, 1865 was the sixth day of the 
Christmas day was a Sunday. week, a Friday. 
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(It might be well to remind the reader 
that the years 1700, 1800, and 1900 were 
not leap years, 2000 will be; 2100, 2200, 
and 2300 will not be, but 2400 will be.) 

Explanation: An alert mathematics 
teacher will, after a study of the system, 
readily understand its mathematical basis 
once it is known that January 1, 1900 
(not a leap year) was a Monday. 

Taking Monday as the second day of 
the week with a corresponding number of 
2, 1 for the first day of the month, and 0 
for the year (1900) will suggest the use of 
1 as a key number for January. Since 
February 1 was 31 days (3 days and 4 


weeks) later, this explains adding 3 to the 
key number of January to obtain 4 for the 
key number for February. February hav- 
ing 28 days (4 weeks) in 1900, the use of 
4 for March is indicated, and so on. Since 
every nonleap year has 1 day more than 
52 weeks, the use of the last two figures is 
sufficient to account for the change from 
1900 to 1901, from one year to the next. 
Leap years with their extra day are taken 
care of by dividing the last two figures by 
4, thus adding the number of leap years 
in the century. Similar considerations will 
explain the two addenda above given to 
the reader. 


On the utility of scientific education 


To those who, for some obscure reason, insist 
that engineers and scientists should, like shoe- 
makers, stick to their lasts, we present a 
thoughtful and thought-provoking observation 
of M. H. Trytten. The quotation was part of a 
recent address before the President’s National 
Committee for the Development of Scientists 
and Engineers: 


“T have always been astonished to find that 
so many people fear a situation where conceiv- 
ably more scientists or engineers are graduated 
than can find employment as such. Yet if these 
same graduates had not specialized as they did 
but in some other field, such as economics or 
ancient languages, their chances of being em- 
ployed in their specialty would have been sub- 
stantially less. Perhaps this curious frame of 
mind is due to some ingrained notion that all 
other specialties, though not directly vocational, 
are cultural and hence of value, whereas science 
or engineering is only utilitarian. I should dis- 
pute that strongly. I have always felt that there 
are at least three main parts to education. One 
of these relates to the past and its lessons. The 


experiences and the intellectual legacies of the 
past, together with the value systems they carry 
with them, are our heritage from our ancestry, 
and education should bring them to us. The sec- 
ond relates to the environment. It includes the 
economic, political, geographic, and other per- 
tinent material about the world we live in. The 
third is concerned with providing us with the 
specific tools with which to function as pro- 
ductive members of our chosen callings. As I 
examine each of these, it seems to me that, in- 
creasingly, science and technology loom as im- 
portant if not dominant components of each of 
them. Certainly a broad knowledge of science or 
engineering is becoming increasingly helpful for 
an increasing number of other vocations. One of 
the dominant criticisms one hears about the 
utilization of technically trained personnel is 
that they are drawn off too much into nontech- 
nical work or partly technical work. As long as 
they are so ardently desired outside of their nar- 
row specialties, there can be less worry about 
over-training.”—Taken from Engineering and 
Scientific Manpower Newsletter, September 11, 
19656. 
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BECAUSE OF THE MANY PAPERS that teach- 
ers must grade, it sometimes develops that 
a problem solved incorrectly is checked 
quickly by the teacher as wrong, and re- 
turned to the pupil without the teacher’s 
having had a sufficient opportunity to 
know what the pupil was thinking when 
he did the problem. Some errors may be 
classified as pure carelessness, but in other 
cases there may be some basic fundamen- 
tals that the pupil has not grasped, and 
these are important to clarify. 

The purpose of this paper is to show by 
two examples why a teacher needed to 
do more than put a mark beside an incor- 
rect problem. 

On one paper turned in by David, he 
showed the following work: 

45 
x 56 
305 

Next to the solution, the teacher wrote 
a large X with the words, “Think, David, 
think!’ 

David was thinking, but the teacher 
interpreted the answer to be carelessness 
on his part. What the teacher needed to 
do was write on the paper or say in class, 
“See me about this problem, David.” 
Then, when David could be asked to say 
aloud how he had arrived at his answer, 
David explained, “Well, 5 times 5 is 25. 
There is a 2 to carry; 4 and 2 are 6, and 5 
times 6 is 30. So the answer is 305.” 

Of course David was thinking. He was 
using a principle about carrying that he 
had learned in addition problems, and he 


“Think, David, think! 


WILLIAM H. GLENN, Pasadena City Schools, Pasadena, California. 
Correcting the pupil’s work must include more 
than marking answers right or wrong. 
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was modifying it to fit the situation when 
he multiplied. The teacher’s next step is 
clear. He can now use a pocket chart or 
some other meaningful teaching device to 
show the differences in the two processes 
and the why of each. 

Another problem from David’s paper 
was: 


46 
—12 


38 


And again the teacher wrote, ‘Think, 
David, think!” But again David was 
thinking. He said, when asked to do it 
orally, “There is a minus sign in front of 
the 1 so I subtracted it from 4, giving 3. 
There is no minus sign in front of the 2 so 
I added it to 6, making the answer 8.” 

In both of these examples, the symbol- 
ism of our place value system is involved. 
In the first case, 45 times 5, it is necessary 
to understand that 45 means 4 tens and 5 
ones, or (40+5). To multiply by 5 means 
to multiply both paris by 5, resulting in 
20 tens and 25 ones, or (200+25), which 
finally becomes 225. I am sure David 
could follow through in the same way if 
he were asked to multiply by 5 any one of 
the following: 4 dimes and 5 cents, or 4 
pounds 5 ounces, or 4 feet 5 inches. In each 
case, 5 multiplies both the 4 and the 5, and 
the results are to be added to give the final 
answer. 

In the second problem, the —12, by 
convention, means that the whole number 
12 is to be subtracted. Even though 12 is 
one number, it is made up of two parts, 1 
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ten and 2 ones, and if 12 is to be sub- 
tracted, both of its parts must necessarily 
be subtracted. 

These two problems are examples of the 
use of the distributive law; and although 
David does not need to know this law by 
name, as an elementary school student, he 
certainly will be faced with its use re- 
peatedly when he reaches the level of a 
beginning algebra student. In fact, some 
of the most common errors of algebra stu- 
dents arise through the improper use of the 
distributive law. The first example, 


5X45 =5(40+5) =5X40+20+5, 


was done incorrectly by changing the order 
of operations to the following: 


5(40+20) +5 
This has its counterpart in algebra as 


5a+b+c 


and when students are asked to substitute 
values in this expression, some may do so 
by adding the values of a and b before 
multiplying by 5: 
5(a+b) +c 
The other problem, 
(40+6) —(10+2), 
has a counterpart in algebra of the type, 
(4a+3b) —(a+b), 
which is solved incorrectly by some by 
writing this as 
4a+3b—a+b=3a+4b, 
thus failing to subtract both the a and 
the b. 
So don’t assume that David isn’t think- 
ing when a wrong answer appears on his 


paper. Indeed he is thinking; but you, his 
teacher, must set his thinking straight. 


A statement on admission requirements 


In the opinion of the Commission on Mathe- 
matics, it would greatly facilitate the improve- 
ment of secondary school mathematics instruc- 
tion and in no way handicap the colleges if they 
would eliminate from the statements in their 
catalogues and announcements, in the College 
Board Handbook, and in all other official publica- 
tions, references to specific course titles descrip- 
tive of secondary school mathematics. 

Following is a statement which the Com- 
mission would find acceptable: 


College preparatory mathematics should 
include topics selected from algebra, geome- 
try (demonstrative and analytic), trigo- 
nometry, and possibly elementary calculus, 
and probability and statistical inference. The 
point of view should be in harmony with con- 
temporary mathematical thought, and em- 
phasis should be placed upon basic concepts 
and upon the principles of deductive reason- 
ing regardless of the branch of mathematics 


from which the topic is chosen. Courses de- 
signed for other purposes (e.g., consumer 
mathematics, business mathematics, shop 
mathematics) are not acceptable. 


The designations Elementary (College Prep- 
aratory) Mathematics, Intermediate (College 
Preparatory) Mathematics, and Advanced (Col- 
lege Preparatory) Mathematics may be used 
(with or without the parenthetical words) to de- 
scribe a college preparatory mathematics course 
pursued for two years, three years, or four years, 
respectively. Indeed, it is hoped that Elementary 
Mathematics I, Elementary Mathematics II, 
Intermediate Mathematics, and Advanced 
Mathematics may become standard terminology 
descriptive of the courses included in four years 
of the college preparatory mathematics pro- 
gram.—Taken from A Statement on Admission 
Requirements by the Commission on Mathematics 
of the College Entrance Examination Board. 
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It is interesting and perhaps remarkable 
that, along with the current rapid de- 
velopment of mathematics, our knowledge 
of the history of mathematics is also ex- 
panding. Some of this most recent expan- 
sion has been in our knowledge of some of 
the most remote periods. A current news- 
paper report tells of evidences of a pre- 
historic arithmetic recently found in 
archaeological excavations in a site in the 
Belgian Congo dating back 8,000 to 9,000 
years ago.” It will be interesting to learn 
more of this. 

Added data on the earliest historical 
mathematics has been accumulating as the 
result of excavations begun in 1945 at Tell 
Harmal in Iraq. This note is based on the 
first discussion of one of these clay tablets 
published by Taha Baqir, Curator of the 
Iraq Museum in 1950.° 

This tablet is 9.5X6X3 em. and is 
thought to date back to about 2000 B.c. 
This dating makes it the earliest problem 


1 The first note in this series, ‘‘Recent Discoveries 
in Babylonian Mathematics I: Zero, Pi, and Poly- 
gons,"’ appeared in Tae Matuematics Teacuer, L 
(Feb., 1957), 162 ff. 

2 John Hillaby, ‘Ancient Africans Knew Arith- 
metic,”” New York Times (June 9, 1957). 

* Taha Bagir, “An Important Mathematical Text 
from Sumer,”’ Sumer, Vol. VI (1950), 39-54. We have 
corrected several errors noted later by Taha Bagir. 
These grew out of the fact that at this period the 
Babylonians used no symbol for zero and hence when 
one finds the cuneiform equivalent of 1, or of 1, 30 
one must determine from the context whether these 
represent 1=1 or 
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@ HISTORICALLY SPEAKING,— 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


Recent Discoveries in Babylonian Mathematics, I]: 


The earliest known problem text 


text known (Babylonian mathematical 
tablets are classified as problem texts and 
table texts). It not only is the earliest text, 
but it also implies a breadth of under- 
standing that, though conjectured, had 
not been so well evidenced previously. 

The problem essentially was to find 
lengths BD, AE, AD, DF given the sides 
of triangle ABC as shown, AB=45, 
AC =60, BC =75. (We write them here in 
decimal notation. Originally, written 
with cuneiform symbols and using 60 as 
a base, they were 45; 1, 0; and 1, 15.) The 
areas of the successive triangles BAD 
=486, ADE, DEF, and EFC were also 
given. 

The original lengths assure us that the 
given triangle is a right triangle, and the 
diagram and procedures used by the 
Babylonian indicate that lines AD, DE, 
and EF are perpendicular to BC and AC. 
If this is true, we have the beginning of an 
infinite series of similar triangles. This 


1, 0=60 in the former case, or 
1, 30 =60 +30 =90 or 
30 3 


1; 30=1 
2 


in the latter case. 

Further discussions by Taha Baqir, Drenckhahn, 
Goetze, and Bruins of this and other texts from Tell 
Harmal appear in volumes VI, VII, VIII, IX, X, XI 
(1950-1956) of Sumer. I owe thanks to Dr. Wassel M. 
Al Dahir of the College of Arts and Sciences of Bhagh- 
dad for a reprint of those in volume VI. 
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similarity and perhaps the series concept 
seem to have been recognized by the Baby- 
lonians who, however, did not write gen- 
eral statements, theorems, or outlines of 
procedures, but typically went directly to 
computations. We shall outline their 
processes, then interpret them in terms of 
general or literal expressions and the prin- 
ciples on which the computations may 
have been based. 
The Babylonian steps were: 


(1) Take the reciprocal of 60 and multi- 
ply it by 45, 1/60-45 =% 

(2) Multiply this by 2, 2-?=$ 

(3) Multiply this by 486, 486 -3=729 

(4) V729=27=BD 


By this process the leg BD of the right 
triangle ABD was found from a knowledge 
of its hypotenuse and area. The same pro- 
cedures were applied to find AD and AE 
and could have been reapplied ad infini- 
tum. In fact, computation for ED was be- 
gun on this tablet. 

There are two things which are remark- 
able about this. We will comment on them 
before explaining the process itself. In the 
first place, this is a sort of “‘trumped-up” 
or “‘textbookish” problem. It is difficult to 
conceive of a natural problem situation in 
which the area and one side of a triangle 
would be known and the other sides un- 
known. There is nothing in the context 
which would give rise to such a problem. 
It seems quite probable that this was a 
problem “dreamed up” for schoolboys, or 


perhaps as a puzzle for colleagues or a 
demonstration of the mathematical power 
of a writer. 

Further, the problem as stated—find a 
leg given a leg and the area—is indetermi- 
nate. Something more has to be known or 
assumed in order to solve it. We will see in 
a moment that the procedures used re- 
peatedly here are justified by the fact that 
all the triangles are similar. The Baby- 
lonian never stated such a generalization 
as: if a perpendicular is drawn from the 
right angle to the hypotenuse of a right tri- 
angle, it divides the triangle into two tri- 
angles similar to the original and to each 
other. However, he seems to have used this 
fact consistently. 

If we analyze his steps in modern sym- 
bols and ideas, we have: 


(1) 1/AC-AB=3 
@) 
ac? 
AB 
(3) 2-——- (area of AABD) =729 
AC 


Steps (1) and (2) seem unmotivated, 
and step (3) seems almost absurd until we 
look a little deeper at this problem. The 
area of ABD would have been 3(BD- AD). 
Further, if we note that AABD~ ACBA, 


then 


Substituting these facts into step (3) we 
now have 


BD 
2-—-}-BD-AD=BD*=729 
AD 


This does explain why the Babylonian’s 
final step 
(4) /729=27 
gave him the correct value for BD. 

In addition to confirming that the Baby- 
lonians had some idea of similar triangles 
and showing some knowledge of the theo- 


rem about the perpendicular to the hy- 
potenuse of a right triangle, this problem 
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AB BD : 
AC AD 


from 2000 B.c. also illustrates their use of 
multiplication by a reciprocal to do di- 
vision, their knowledge of the area for- 
mula for triangles, the notion of square 
root, and perhaps of the solution of simul- 
taneous equations. This latter may be 
more hindsight to us than a real under- 
standing by the Babylonians, at least as 
exhibited in this problem. We could in- 


terpret steps (1)—(4) as the simultaneous 
solution of equations derived from the 
condition determined by the given area 
and the condition determined by the simi- 
larity of the triangles. It may be a little 
unwarranted to attribute this type of 
thinking to the Babylonians. Their think- 
ing is sufficiently remarkable without add- 
ing this! 


Have you read? 


Buarr, Ciay, Jr., ‘Passing of a Great Mind,” 
life, February 25, 1957, pp. 89-104. 


It is with a heavy heart that one reads an 
article about the passing of one so great as John 
Von Neumann. Your students should be en- 
couraged to read this article. It will bring to 
their attention the dynamic character of mathe- 
matics, the role of mathematics in today’s soci- 
ety, and the quality of the great minds in 
mathematics today. It substantiates the state- 
ment that this is the golden age of mathematics. 
Your students will like the humane side of Von 
Neumann, his love of parties and people, his 
idea of exercise, his fondness for food, his ability 
to drive a car, his method of explaining on a 
blackboard, and above all his joy in working any 
challenging mathematics problem. 

They will want to know about his contribu- 
tions to computing machines, his study of the 
theory of games, and his contribution to the age 
of atomic power. 

The life of this great mathematician is a chal- 
lenge to any of your top students, as well as to 
all of us. 


Cnoquet, Gusrave, “Teaching in Secondary 
Schools and Research,’ The Mathematics 
Student, published by Indian Mathematics 
Society, January—April, 1956, pp. 45-55. 


Man has only one thing machines do not, 
that is, no bounds can be assigned to him. What 
does this imply for education? With such an in- 
troduction you can see the author is leading into 
bigger things. 

Education should develop the creative abil- 
ity in children; it should lead them to be dis- 
coverers, not people passing through a museum 
with the teacher as a chaperon. Teachers must 
be tickets to adventure, they must lead on into 
the frontiers of modern mathematics. Teachers 
need to do some original work if only on a small 
scale, and they must have close contact with ad- 


444 The Mathematics Teacher | October, 1957 


vanced work that is being carried out. They 
should be aware of the continued broadening of 
the domain. They must speak the language of 
the subject even though they do it for only the 
simple ideas. And above all, they must recognize 
that mathematics is dynamic. 

If you read this article, you will have a new 
feeling about your profession as a mathematics 
teacher. 


Fapiman, Currron, “Party of One,” Holiday, 
January 1957, pp. 6, 8, 11, 14, and 113. 


This article is an inspiration for all to read. 
Recommend it to all your friends and col- 
leagues. I hesitate to even indicate its contents 
because I cannot do it justice. Let me present 
only a few items. 

Mathematics has an appeal to the imagina- 
tion, it has a great adaptability, its historical 
development includes the lives of many colorful 
people, its very nature defies definition or de- 
scription, it has a distinct charm for the reader 
even without understanding, and it pays div- 
idends even to the perimeter reader. 

These and many other points are made. You 
will be interested in the comment that there are 
no non-mathematical minds, only non-mathe- 
matical teachers; that mathematics is the music 
of reasoning; that mere symbolic marks on 
paper have numberless connections with the 
real world. He also points out the many ques- 
tions man may raise that can only be answered 
by mathematics, such as: the infinite curve 
on a stamp, the number of possible moves in 
chess, the number of one’s ancestors, the num- 
ber of printed words of the Bible, the number of 
electrons and protons in the universe, and how 
you go from one surface to the other without 
raising your pencil. I wouldn’t miss this article 
for anything. You will want to read the author’s 
reference list, Prax, Indiana 
University, Bloomington, Indiana. 


tL 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


An improved method 


Some method of extracting the square 
root of a number is usually taught in the 
eighth or ninth grades. Its chief applica- 
tions then are in using the Pythagorean 
Theorem and in finding numerical solu- 
tions of quadratic equations. 

Approximation by division and the 
Euclidean algorithm are the methods most 
commonly taught. Each of these has seri- 
ous disadvantages which limit its value. In 
fact, educators have long questioned the 
practicality of teaching the Euclidean 
algorithm. The difficulty of making it 
meaningful (partly because most teachers 
lack understanding of it) and the seeming 
unrelatedness of its steps make it a process 
which most students memorize for a test 
and then promptly forget. 

The division method is valuable for find- 
ing a rough approximation, but if many 
significant digits are required, it becomes 
completely impractical. During the proc- 
ess, one does not know the square of any of 
his approximations. The accuracy of the 
last digit of the answer is usually doubtful 
unless it is checked by squaring at least 
two possible answers. 

Mayor and Wilcox! present a method of 
estimating to the nearest integer the 


1 Mayor, John R., and Wilcox, Marie S., Algebra, 
First Course. Englewood Cliffs, N. J.: Prentice-Hall, 
Inc., (1956), p. 232. 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


of extracting square root 


by Richard F. De Mar, Wisconsin High School, Madison, Wisconsin 


square roots of two or three digit numbers. 
The purpose of this paper is to extend that 
method so that it can be used to find the 
square root of any real number to any 
number of significant digits. 

It is based on two simple concepts about 
the squares of integers: 


(a+1)?=a?+2a+1 =a°+a+(a+1) 


Thus if we know the square of one num- 
ber, we can find the square of the next by 
adding the sum of the two to the known 
square. 

Example: 


10?= 100 
11?=1004+10+11=121 
Similarly, 
(a—1)*=a*—2a+1 =a?— [a+(a—1)] 
2. (10a+5)?=100a?+ 100a+25 
Example: 
30? = 900 
= 900+325 = 1225 


Here a=3. 100a+25 is simply 3 with 25 
written after it. 

Now let us try finding a square root 
using these two concepts. We shall find the 
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square root of 690 to the nearest whole 
number. 
Steps Justification 


20? = 400 First estimate 
225 

25? = 625 (10a +5)? = 100a?-+100a +25 
51 where a=2 

267=676 | (a+1)*=a*+a+(a+1) 
53 where a=25 

272 =729 (a+1)? =a?+a+(a+1) 


where a = 26 


Since 690 is much closer to 676 than to 
729, the square root is 26, to the nearest 
whole number. 

To generalize this process so that it can 
be applied to any real number, we mark off 
every two places starting at the decimal 
point, just as in using the Euclidean al- 
gorithm. In doing this, we are using the 
relationship between the number of digits 
of a number and of its square root. 

Example: 


V37 , 956 = 


We see from this that the square root will 
have three digits to the left of the decimal 
point and that the first digit will be 1. That 
is, the square root lies between 100 and 
200. Since we know this, we can find the 
digits of the square root first, and place the 
decimal point afterward. 

An example will show how the method 
is extended. 

Example: Find 1/158 to the nearest 
hundredth. 

First we mark it off in the usual way, 
V158. 
Our answer then will have four digits, the 
first of which is 1. 


1? = 1 


Now, since the next approximation will 
involve the next digit, we change this to 
10?=100 (10a)?=100a* where a=1 

21 


117=121 (a+1)*?=a?+a+(a+1) where a=10 
23 


127=144 Same with a=11 
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Again the next approximation will in- 
volve the next digit, so we change this to 


120?=14400 (10a)?=100a? where a=12 
1225 


1257?=15625 (10a+5)*=100a?+100a+25 
where a=12 
Since 126? would mean adding 251 to 
this, it can be seen to be too large. There- 
fore we take it out to the next digit. 


1250? = 1562500 (10a)? = 100a? 
12525 where a=125 
1255? = 1575025 (10a +5)? = 100a? + 100a +25 
2511 where a =125 
1256? = 1577536 (a+1)? =a?+a+(a+1) 
2513 where a =1255 


1257? = 1580059 Same with a = 1256 
Therefore, 1/158 = 12.57, to the nearest 
hundredth. 
Example: Find +/2 to six significant 


digits. 
10 =100 
125 
15? = 225 
—29 
140? = 19600 
281 
1410? = 1988100 
14125 
1415? = 2002225 
— 2829 Here it can be seen 
that 14141 is too 
14140? = 199939600 small, so we can add 
28281<———{ 28283 in the same 
28283 step. 28283 is ob- 
aa tained by adding 2 
141420? = 19999616400 to 28281. 
282841 
141421? = 19999899241 


It can easily be seen that 141422 is too 
large since we would be adding 282843. 
Therefore the answer is 1.41421. 

This method has advantages over both 
the Euclidean algorithm and approxima- 
tion by division. It involves no compli- 
cated ideas and hence can be made mean- 
ingful to the student. If he forgets a part 
of the process, he can re-establish it for 
himself. The square of each approximation 
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is found, so one is sure when he has 
reached the desired degree of precision. 
Furthermore, from this method the stu- 
dent gains a clearer idea of a square root as 
an approximation. He can see the squares 
of successive approximations approach 
closer and closer to the given number as 
the number of places increases. Hence, it 
could be useful in introducing the concept 


What's new? 


of limit and as an approach to irrational 
numbers. Also, it illustrates some interest- 
ing relationships between integers and 
their squares which help to motivate 
learning. 

These advantages suggest that, from the 
pedagogical standpoint, this is a better 
method of extracting square root than 
those now in common use. 
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Letters to the editor 


May 29, 1957 


Dear Mr. Van Engen: 


When a man calls you dishonest in print, you 
get angry. When, in your own opinion, you have 
not been dishonest in the least but completely 
honest and honorable, you get very angry, and 
demand an apology and a retraction, and at 
least equal space for your published reply. 

Mr. Henry W. Syer, in his review of our 
Geniac Kit and Tyniac Kit, and in his comment 
on my book Giant Brains or Machines That 
Think (Wiley, 1949), (printed in Toe Marue- 
MATICS TEACHER, May 1957, p. 398), calls the 
kits and the title of that book “dishonest.” 
What he says is not true; it is objectively false. 
This I will now set out to prove. 

1. The charge. Mr. Syer’s charge amounts to 
the following, it seems to me, using substan- 
tially his own words: that “ ... from an intel- 
lectual standpoint the kits and instructions are 
. .. dishonest.' This is the same criticism which 
could be aimed at a book for which Mr. Berkeley 
is responsible: Giant Brains or Machines that 
Think ...a terrible title; scientific objectivity 
is sacrificed for sales value . . . . the devices to be 
built are not ‘experiments’; the whole tone of 
the direction manuals aims at making it possible 
to do the experiments in the booklet which 
someone else has thought out... calling these 
contrivances ‘electric brain machines’ is over- 
selling . . . the devices need to be followed up by 
an analysis of the generalities underlying them.” 

2. Whether or not it is dishonest to assert that 
a machine can be a brain and can think.2 The first 
chapter of my book Giant Brains is entitled 
“Can Machines Think? What Is a Mechanical 
Brain?” In that chapter is a carefully reasoned, 
scientific discussion of these questions. The 
topics covered are: human thinking; nerves and 
their properties; the kind of behavior that is 
thinkinz; the definition of a “mechanical brain’’; 


Editor's notes: The editors are supplying more ex- 
tensive quotations from the review in question in 
order to give the readers ready referenve to major sec- 
tions of the review. 

1 “The devices are fascinating, scientifically sound 
and potentially educational. At a high school level 
there are many students who will be delighted to try 
out these devices and learn from them. Nevertheless, 
from an intellecual standpoint the kits and instruc- 
tions are disappointing and—I hope I may use the 
word without being misunderstood—dishonest. This 
is the same criticism which could be aimed at a book 
for which Mr. Berkeley is responsible: Giant Brains, or 
Machines That Think.” 

2 “Second, calling these contrivances ‘electric brain 
machines’ is overselling, regardless of how fascinating 
the title sounds. Once someone discovers how funda- 
mentally simple the ideas are, he will be let down and 
disappointed for having been told they are ‘brains.’ 
Such analogies can be used by a teacher who will safe- 
guard the misunderstandings with qualifications.” 
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the kinds of thinking that a mechanical brain 
can and cannot do; and why mechanical brains 
are important. I quote in part: 

“A machine can handle information; it can 
calculate, conclude, and choose; it can perform 
reasonable operations with information. A ma- 
chine, therefore, can think. . . . There are many 
kinds of thinking that mechanical brains can do. 
Among other things they can: 


. Learn what you tell them. 

. Apply the instructions when needed. 

. Read and remember numbers. 

. Add, subtract, multiply, divide, and 

round off. 

Look up numbers in tables. 

Look at a result and make a choice. 

. Do long chains of these operations one 

after another. 

. Write out an answer. 

. Make sure that the answer is right. 

. Know that one problem is finished and 
turn to another. 

. Determine most of their own instruc- 
tions. 

12. Work unattended. 


“But, you may ask, can they do any kind of 
thinking? The answer is no. No mechanical 
brain so far built can: 


1. Do intuitive thinking. 

2. Make bright guesses and leap to conclu- 
sions. 

3. Determine all its own instructions. 

4. Perceive complex situations outside of 

itself and interpret them. 


ooo Or 


“A clever wild animal, for example, a fox, 
can do all these things; a mechanical brain, not 
yet.”” (End of quotation.) 

In my opinion, the giant automatic digital 
computers and data processors most certainly 
think and most certainly are brains. I believe 
that the people who maintain that such ma- 
chines do not think and are not brains are fight- 
ing a losing battle: every few months some new 
kind of thinking is reported accomplished for 
the first time on these extraordinary machines 
—such as fairly good translation from Russian 
to English. I think that a hundred or two hun- 
dred years from now people who maintain that 
machines do not think will look very foolish, for 
there is no reasonable doubt that more and more 
of the long list of thinking operations will be 
performed by machines. The proposition that 
machines do not think is like the proposition 
that General Electric scientists have not made 
diamonds, because all diamonds are natural 
minerals found in the earth’s crust. 

In any event, where different scientists hold 
different views about a question, it is objec- 
tively false to say that a man is dishonest for 
holding and maintaining one of those views. 
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3. Whether or not it is dishonest to call the 
devices in the kits “experiments.’’* (1) Mr. Syer 
himself says ‘“‘they probably could be called 
experiments as much as many performed in 
most high school physics and chemistry labora- 
tories.” (2) Actually, in the earlier stages of 
many sciences, it is necessary to make experi- 
ments long before adequate or apparently cor- 
rect explanations can be offered. (3) No scientist 
could possibly maintain that an action is not an 
“experiment” unless there is an “explanation” 
furnished of what is happening 

Accordingly, it is objectively false to say that 
I am dishonest in calling these devices ‘“experi- 
ments.” 

4. Whether or not it is dishonest to call these 
devices ‘‘small electric brain machines.” (1) Hold- 
ing as I do the view that the giant automatic 
digital computers are electric brains, I am con- 
vinced that it is proper to call these small exam- 
ples of machines that compute, reason, play 
games, solve puzzles, do arithmetic, etc., ‘small 
electric brain machines,” for they do actually 
exhibit in fairly simple switch circuits just 
exactly how certain reasoning and computing 
can be carried out. (2) In the introduction to the 
Geniac manual, I say: “Every Geniac, although 
unable to run automatically, is able to calculate 
and reason automatically; and the Geniac 
manual and the kit demonstrate many different 
and exciting small machines that ‘think,’ at 
least to the extent of reasoning and calculating.”’ 
This is a completely honest statement. (3) 
Furthermore, every purchaser of a kit from us 
is entitled to have the whole kit and instructions 
for a week, examine it and study it, decide if he 
likes it or not, and if he does not like it, return 
it, and receive full refund of his money (if the 
kit is in good condition). 

Accordingly, it is objectively false to say that 
I am dishonest in calling these devices “small 
electric brain machines.” 

5. Whether or not it is dishonest to largely omit 
from the manuals the reasons why these circuits 
work, and how these circuits are designed. The 
manuals for the two kits deliberately omit most 
but not all of the reasoning which leads to the 
46 given experiments in reasoning and comput- 
ing circuits. It was very clear to me, when I 
was working out these experiments and writing 
the manuals, that to try to explain how and 
why most of the circuits were designed in the 
way they were would render the manual so long 
and so complicated as to make it almost useless 
to the bulk of the imagined audience of boys 13 
to 18 who would be interested in circuits which 
would compute, reason, do arithmetic and logic, 
play games, and solve puzzles. In the same way, 
in many topics in high school science only very 


3 “First, the devices to be built are not ‘experi- 
ments’ although they probably could be called such as 
much as many performed in most high school physics 
or chemistry laboratories. They are directions for 
putting equipment together to reach foregone con- 
clusions.” 


genera! information about how something 
works can be given. Also, in mathematics there 
are many facts which are made use of long be- 
fore an explanation of why these facts are true 
can possibly be given. For example, there is the 
fact that every whole number can be factored 
into primes in one and only one way; or the fact 
that + is equal to 3.14159265.... Substan- 
tially only one answer to the question ““How do 
you know that?” can be given to such questions 
until a student knows a great deal: and that 
answer is, “It has been proved, and the proof re- 
quires more advanced mathematics than we 
have studied so far.” 

Of course, it would be possible to explain how 
and why these circuits work; it would be possi- 
ble to give enough Boolean algebra and circuit 
reasoning to show how and why these circuits 
are designed as they are. But this kind of ex- 
planation is for college engineering students at 
an age which no longer has time to play with the 
Geniac and Tyniac kits. The 64 pages of the 
Geniac manual and the 48 pages of the Tyniac 
manual are already plenty long for a boy who 
wants mainly to be entertained from these ex- 
periments. In teaching that uses learn-as-you- 
play toys, entertainment must come first; then 
when the boy is really interested and knows a 
little, he will try to discover answers to his own 
questions for himself. 

It is much more fun to be bothered day after 
day with the question ‘now why in the world 
does that Tit-Tat-Toe Machine work?” and 
finally dig up the answer, than to be given the 
reasons explicitly. One of the reasons I love 
mathematics is that while in arithmetic (and 
before algebra) I found questions about right 
triangles with whole number sides (3-4-5, 
20-21-29, 119-120-169 .. . ) which my teacher 
could not answer and which my family could 
not answer. And so I became excited, and tried 
to explore the subject for myself, hunting for 
regularities, and I reached the point where I 
could construct large numbers of such primitive 
right triangles long before I found the whole 
answer in Diophantine analysis; and then my 
fun departed, as I saw how much further well- 
known mathematicians had proceeded. 

In the introduction to the Geniac manual I 
said, “If you find that you have at first some 
difficulty in understanding all that is in this 
report, TAKE YOUR TIME and think; make first 
the simpler machines; then try the more com- 
plicated ones. To make a machine that will 
reason and calculate, you too need to reason and 
calculate.” 

We chose in the design of these kits, and for 
good reasons, to leave out most of the explana- 
tion as to why most of these circuits work. We 
believed the important thing was to stimulate 
play, stir curiosity, appeal to inquisitiveness 
(Is this magic?’’). And now we are being called 
dishonest for not doing something we were con- 
vinced we should not try to do. 


Where there are basic differences of opinion, 
made clear in the information in front of the re- 
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viewer, or easily available if he chooses to in- 
quire, the reviewer is not privileged to take 
advantage of his position and state that the 
person whose work he is reviewing is being 
“‘dishonest”’ because it differs from his own view. 

I demand an apology,‘ and a retraction for 
being called “dishonest,” and J demand publi- 
cation of this letter in full in the earliest possible 


* The Editor is sorry that he did not suggest to Dr. 
Syer that he not use the word “‘dishonest” in express- 
ing his opinion that certain titles and terms were not 
well chosen. In no sense should the use of this word be 
interpreted to mean that any individual or corporation 
associated with the materials under review is dis- 
honest or that anyone intended to be dishonest. The 
word should not have been used. It is retracted, and 
we wish it could be deleted from our readers’ copies. 


issue of Tae Maruematics TEACHER.® 

I enclose a carbon of this letter for you to 
send Mr. Syer. 

Also, will you please ask him to return to us 
complete the Geniac and Tyniac kits which, at 
the request of THe Maruemarics TEACHER, 
were sent to him on loan for purposes of review? 
The original request for review, as you will re- 
member, was made by THe MarHeMatics 
TEACHER and not by us. 


Yours sincerely, 

Epmunp C, BERKELEY 
Berkeley Enterprises, Inc. 
Newtonville 60, Mass. 


& The columns of Tae Matuematics TEACHER are 
always open to publishers and authors whose works 
are reviewed under “Reviews and evaluations.” 


Have you read? 


Boyer, Lee Emerson, “A New Problem in 
Mathematics Education,” Phi Delta Kap- 
pan, January, 1957, pp. 124-126. 


Here is an article which sets out clearly a 
two-track plan for mathematics and the reasons 
why it must be so. I am sure you will all agree 
we need to study the organization of the mathe- 
matics content and its teaching methods. You 
may not agree that algebra is only for the scien- 
tists, or that it is easier to go from the spe- 
cialized or algebra track to the basic mathe- 
matics than it is to reverse the process. You 
may disagree that specialized mathematics is 
but taught by teaching the “‘subject,”’ while in 
basic mathematics we emphasize the interpre- 
tation of life’s problems; that the specialized 
mathematics will often be taught by lecture, 
while the atmosphere of the basic mathematics 
will be that of the laboratory. 

Agree or disagree, the article will help you 
arrive at a more valid solution in your local 
school. 


Conxutna, K. R., “How Tall Was Goliath?” 
Indiana Teacher, December 1956, pp. 192- 
196. 


This article is an excellent illustration of 
how mathematics is all about us. The Christmas 
story in the Bible set this class to studying the 
mathematics found in the Bible. For example, 
the story of David and Goliath presents many 
details of quantity. Students like to compare 
heights and weights. Other passages mentioned 
in the Bible are items of Noah’s Ark, King 
Solomon’s Temple, and Judas’ 30 pieces of sil- 
ver. According to the author, on the basis of 
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present purchasing power, this would amount to 
$1750. 

It does no harm to know that the people of 
Bible times were real and had problems just 
like all of us. Your students will like this ar- 
ticle. 


Freirac, Herta and Artruur, “Neo-Pythag- 
orean Triangles,’ Scripta Mathematica, 
June, 1956, pp. 122-131. 


This is a very interesting article for your 
better student. It will vividly introduce to him 
the possibility of extending relationships. 

Neo-Pythagorean triangles are defined as 
those whose sides obey the condition a*+b? +c? 
=0, with b+0, and c+0. The interesting 
thing is that proofs can be established by ana- 
lytical geometry or plane trigonometry. Your 
students will be interested to find these tri- 
angles in the complex realm corresponding to 
oblique triangles in the real sense. This article 
gives the proofs of several simple theorems, such 
as: (1) the sum of the cotangents of the angles 
must vanish, (2) the sum of the squares of the 
medians must vanish, (3) the sum of the prod- 
ucts of the sides taken two at a time and the 
cosine of the included angle must vanish, as well 
as several others. 

This article gives a look into a field related 
to but yet separated from that very common 
idea the student has known so long, namely, the 
Pythagorean theorem. I am sure they will profit 
by reading the article. You will like it also.— 
Puitie Peak, Indiana University, Bloomington, 
Indiana. 
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@ POINTS AND VIEWPOINTS 


Helping our teachers 


A major goal of the National Council 
of Teachers of Mathematics is to give help 
to the classroom teachers. The official 
journals, the yearbooks, and other publi- 
cations have aimed particularly to achieve 
this goal. However, when new subject mat- 
ter or procedures are proposed, frequently 
there is an involuntary resistance on the 
part of many teachers who have a genuine 
feeling of security in what they are teach- 
ing and the way they are teaching. These 
teachers want help only in doing better the 
things they are doing. 

This sort of help can be good or bad. To 
help teachers teach better those concepts 
that are no longer accepted by contempo- 
rary mathematicians is bad. It is not con- 
ducive to further study of mathematics at 
the collegiate or graduate level, nor does it 
contribute to understanding the newer ap- 
plications of mathematics. Thus variable 
as something that varies, function as 
something that depends upon something 
else, and trigonometric functions as ratios 
—all perhaps good in their day—are not 
good enough today. There are simpler, 
clearer, and more reasonable ways of look- 
ing at many mathematical ideas today— 
ways that did not exist fifty years ago— 
and it does neither a teacher nor mathe- 
matics education any good to continue to 
propagate the ideas that have been dis- 
carded by leading thinkers in the field of 
mathematics. 


A column of unofficial comment 


by Howard F. Fehr, Teachers College, Columbia University, New York 27, New York 


Some teachers, however, are teaching, as 
best they know how, the point of view that 
has been expressed in many recently pub- 
lished first-year college textbooks. Most of 
these ideas dealing with set, domain, 
variable, relation, function, inequality, 
proof, and so forth can and must find a 
place in the secondary school mathematics 
curriculum. To help these teachers do this 
—to bring our curriculum up to date, with 
a time lag sufficing only to prove the 
worth of the material as secondary school 
subject matter—is good. 

The concern of our Council then is not 
so much to help teachers do better what 
they are now doing, but to move mathe- 
matics instruction ahead. The Council 
should be the leader. Its thinking should 
be far in advance of that expressed in 
thousands of curricula that now occupy 
space on teachers’ desks or book racks and 
which really are ancient in content. The 
Council should be telling teachers what is 
new, what is important, and how the new 
and important enter into the secondary 
school program. The new, of course, ap- 
plies to both subject matter and method- 
ology. In fact, the Council has been mov- 
ing this way the last few years. 

That there is something new in mathe- 
matics is beginning to penetrate the think- 
ing of laymen as well as educators. The 
degree to which mathematics is applied to 
the other sciences, and even to so-called 
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non-scientific areas, has increased tre- 
mendously in the last ten years and con- 
tinues to increase. Mathematics has al- 
ways contributed to the classical fields of 
navigation, astronomy, geodesy, mechan- 
ics, physics, engineering, and actuarial sci- 
ences. Later it contributed to biology, 
economics, psychology, and biometrics. 


abstract algebra including the theory of 
groups, rings, fields, and vector spaces; 
topology from an algebraic combinatorial 
point of view and a set-theoretical de- 
velopment; theories of lattices; abstract 
theory of sets; theory of linear spaces; the 
calculus of tensors; and even metamathe- 
matics which is a study not of but about 


More recently mathematical methods mathematics. E 
have been applied to industrial planning, I hasten to add that I know little of d 
medicine, biochemistry, biophysics, phar- most of these fields of applied and pure 
macology, sociology, cryptology, andeven mathematics except that they exist, that 
to problems of philosophy and linguis- they have burst the existing compartments 
ties. that house arithmetic, algebra, and geometry, 
Likewise the number and variety of and that in their very nature they make 
mathematical subjects have greatly in- much of the classical treatment of second- p 
creased in the last sixty years. New ary mathematics obsolete. This should c 
branches of knowledge based on mathe- challenge all of us to think carefully on the . 
matical methods have been created. kind of mathematics we should and, per- a 
Among these may be mentioned design of haps, must teach in our classrooms. A n 
experiments, population theory, theory of | number of groups and individuals are now b 
risks, symbolic logic, quality control (se- studying, experimenting with, and pro- 3 
quential analysis), information theory posing new curricula for secondary school p 
(mathematical theory of communication), study so as to be in harmony with con- . 
theory of strategy and games, linear pro- temporary application of and research in 7 
gramming, statistical decision theories, mathematics. si 
periodogramanalysis and time sines, and The Council must keep its membership > 
so on. informed of all of these movements. But it 2 
While not all these new theories have must do even more, it must help its mem- a 
produced world-shattering effects, yet the | bers make decisions on how to improve mn 
judgment of the workers in the field is their own programs and teaching. This re- i 
that the mathematical approach has been _— quires the co-operation of mathematicians, n 


on the whole beneficial to their particular 
domains. This is not mathematical propa- 
ganda or advertising. It is the decision of 
workers in all these fields who came to feel 
more and more helpless when they them- 
selves could not handle mathematical 
methods. To all these realms of applied 
mathematics, mathematicians are adding 
new branches of pure mathematics, much 
of it knowledge that did not exist sixty 
years ago. We may mention axiomatics, 


educators, and teachers. It calls for fron- 
tier thinking on the part of all of us. It 
asks that we take the point of view that 
mathematics is a living and growing sub- 
ject and not merely a collection of facts 
and manipulations, and that as more 
mathematics is created, we change our 
concepts so as to be more inclusive and 
unifying. In fact, the Council aims to help 
teachers to help themselves to a better 
mathematical fare. 


Forty per cent of our mathematicians are 
employed by private industry; 28 per cent by 
the U. 8. Government; and 32 per cent by edu- 
cational institutions.—6th Annual Report (1956), 
National Science Foundation. 
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Reviews and evaluations 


Edited by Richard D. Crumley, Iowa State Teachers College, Cedar Falls, Iowa 


BOOKS 


A Collection of Cross-Number Puzzles, Louis 
Grant Brandes. Portland, Maine, J. Weston 
*Walch, Publisher, 1957. Paper bound; 
student edition, iv+156 pp., $2.00; teacher 
edition, iv+256 pp., $2.50; one teacher 
edition free with orders of ten or more 
student editions. 


This book is a collection of 104 cross-number 
puzzles, most of them of the same nature as the 
common crossword puzzle except that numerals 
instead of letters are used to fill in the squares. 
The book is the co-operative effort of a number 
of teachers and graduate students, and the 
materials have been rather extensively tested 
before being put into book form. Though the 
recreational uses of cross-number puzzles are 
recognized, the book is designed to be used 
primarily as a teaching aid in general mathe- 
matics classes in grades seven to nine and for 
review purposes in higher grades. The computa- 
tions involved in solving the puzzles range from 
simple numbers calculations to fairly complex 
essay-type problems. The topics covered are 
whole numbers, fractions, decimals, per cent, 
powers and square roots, measures, perimeters, 
areas, and volumes. Some miscellaneous general 
review puzzles are included. The teacher edition 
includes answers to the puzzles, suggestions for 
constructing cross-number puzzles, and a sum- 
mary of the research that was done in develop- 
ing the book and in attempting to measure the 
effectiveness of cross-number puzzles as a teach- 
ing aid. 

The book represents a very large amount of 
practice material presented in an unusual man- 
ner. The novelty of the approach would provide 
good motivation when the book is first used; for 
students who have an interest in solving puzzles 
there would be this continuing motivation. The 
fact that the numbers computed horizontally 
must fit with those computed vertically pro- 
vides a self-checking feature which effectively 
emphasizes the importance of checking the cor- 
rectness of each calculation as it is made. There 
is no evidence to indicate that the various 
number combinations and processes have been 
evenly sampled, or that more practice has been 
provided on the more difficult combinations and 
processes. Nor are the puzzles designed to sys- 
tematically diagnose and correct pupil dif- 
ficulties. Therefore the book would not serve 
well as the sole basis of practice material. In 
general the problems are interestingly stated 
and in good form though a number of instances 


of poor mathematical practice appear (for 
example, the addition and subtraction of 
“ragged decimals”; and instructing students to 
make pi equal 3.1416 when computing to the 
nearest cubic yard the volume of a conical pile 
of sand 16 ft. in diameter and 6 ft. high). 

Teachers and classes will differ greatly in the 
extent to which they can use this book to ad- 
vantage. For supplementary practice on either 
an individual basis or class basis, the book could 
be a great time saver and very effective in many 
situations—Edwin Eagle, San Diego State 
College, San Diego, California. 


Elementary Algebra, Edward I. Edgerton and 
Perry A. Carpenter, revised by Myron R. 
White. Boston, Allyn and Bacon, Inc., 1957. 
Cloth, xii +385 pp., $3.36. 


The publishers of this book have used color 
to much better advantage inside the book than 
outside. Two-color printing is utilized unusually 
well for emphasis and contrast. Aside from the 
covers, which do not appeal to the reviewer, the 
format of the book is very good. 

All of the usual methods for solving quad- 
ratic equations are covered. Systems of one 
quadratic and one linear equation are treated 
briefly. One chapter is devoted to numerical 
trigonometry. The final chapter, “Supplemen- 
tary Topics,” should prove helpful in providing 
for individual differences. 

The authors’ exposition is clear and mathe- 
matically sound. The developmental exposition 
is addressed directly to the pupil, but the pupil 
is not “talked down to.” Very few mathe- 
matically questionable statements were found. 
Definitions and assumptions are clearly identi- 
fied. The authors are careful to so indicate when 
they use without proof a principle the proof of 
which would be too advanced. Cumulative 
review exercises, chapter tests and vocabulary 
tests are provided. Interspersed through the 
book are one-page discussions of the application 
of algebra to various fields. Although they are 
not very informative, they should arouse some 
interest and may have motivation value. How- 
ever, it is doubtful whether the introduction of 
chemical equations in this context can serve any 
good purpose. 

In developing dependent and independent 
variable and function, the authors at times lean 
heavily on cause and effect; at other times they 
correctly emphasize the ordered pair concept. 
On page.29, division by zero is excluded from 
the division axiom without explanation. On 
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page 89 we find: “In algebra, as in arithmetic, 
anything divided by itself is 1.’’ Is this to in- 
clude 0+0? On page 95 we find the first and 
only discussion of a zero divisor; 0+0 is not 
mentioned. The reviewer was unable to find the 
definition n-0=0 which was mentioned in this 
discussion. The discerning pupil will wonder 
(p. 133) why a is prime if it happens to stand for 
25. No mention is made of the fact that not all 
quadratic trinomials can be factored into linear 
factors with integral coefficients. The chapter on 
systems of linear equations contains no discus- 
sion of inconsistent or dependent equations. 
On page 274 we find: “In these examples a, b, 
and ¢ may be equal to any number, but not 
equal to zero,’”’ Are we to infer that zero is not a 
number? 

The authors have done an excellent job of re- 
lating algebraic processes to their arithmetic 
counterpart. This is particularly true of the 
chapter on fractions, which is done unusually 
well. The significance of the roots of an equation 
(quadratic) are discussed clearly, concisely, and 
correctly (p. 152). The treatment of the quad- 
ratic function (p. 281) is very good. 

The teacher will find this book teachable and 
the pupil will find it learnable-—J. Houston 
Banks, George Peabody College for Teachers, 
Nashville, Tennessee. 


The Enjoyment of Mathematics, Hans Rade- 
macher and Otto Toeplitz. Princeton, N. J., 
Princeton University Press, 1957. Cloth, 204 
pp., $4.50. 


There is a vast literature of matheriatical 
diversions, puzzles, games, and recreations, and 
most of the books in this area have as one of 
their purposes that of making mathematics more 
enjoyable and more interesting. The volume 
here under review has little in common with 
these other publications, despite the conclusion 
to be drawn from the title. The reader should 
not however conclude from this remark that the 
present volume will not enhance the enjoyment 
of mathematics by its readers. It will. But it 
does it in a very different manner, and it ap- 
peals to a quite different clientele than do most 
of the books with the same announced purpose. 

The present volume is a collection of twenty- 
eight mathematical problems. Some of the exer- 
cises are found in some college courses, such as 
No. 1, The Sequence of Prime Numbers; No. 23, 
Periodic Decimal Fractions; and No. 15, 
Pythagorean Numbers and Fermat’s Theorem. 
Others are mathematical curiosities, but all of 
them are interesting. Each one offers the reader 
the opportunity to experience a real thrill of 
enjoyment as he follows the development, pro- 
vided only that he has the mathematical back- 
ground to comprehend the steps in the proof, 
and an interest in the subject which will keep 
him at it. 

Many teachers will find this book useful in 
interesting students in supplementary work. 
With all the talk nowadays about the needs of 
the superior pupil and the importance of doing 
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right by him, this may be just the book to put 
in the hands of the student with mathematical 
aptitude and interest who happens to be en- 
rolled in a school which is too small to offer the 
advanced courses which would otherwise nur- 
ture his enthusiasm for mathematics. 

The authors have done much to lift their 
treatment above the often dull routine of typical 
textbook language. They often suggest new 
ways of looking at the subject; for example, 
when discussing Euclid’s proof of the sequence 
of primes, they say, ‘“‘This part of Euclid is quite 
remarkable, and it would be hard to name its 
most admirable feature. The problem itself is 
only of theoretical interest. It can be proposed, 
for its own sake, only by a person who has a 
certain inner feeling for mathematical thought.” 
In another place they say, ‘‘the spirit of mathe- 
matics dictates that we seek out the essentials 
of the problem and use them to solve it.’’ Some- 
times they go beyond the proof, presumably to 
enhance the reader’s ‘enjoyment of mathemat- 
ics,” as when, after proving a proposition about 
the minimum perimeter of the pedal triangle, 
they go on with ‘we can still get a little more 
from the proof.’’ This might well be a hint to 
high school teachers of geometry to attempt oc- 
casionally to “get a little more from the proof,” 
instead of assuming that the proving of the 
proposition in question is the only thing of 
importance. 

There is a good-natured informality about the 
writing, with an occasional touch of humor. “We 
shall not go into the question of why a light ray, 
which does not have the power of reasoning, 
chooses the same path that would be chosen by 
the pilot of the steamboat after considerable 
thought.” 

One of the most delightful aspects of this book 
is the manner in which the authors’ deep re- 
spect for and appreciation of some of the in- 
tangible aspects of mathematics as an adventure 
of the human spirit, shines through the writing. 
A few quotations will illustrate this. “Lagrange 
used this identity in a very beautiful proof of the 
theorem of Fermat....” ‘The double rhom- 
boid of Kempe can be arranged to give recti- 
linear motion in another especially elegant 
way.” “The whole basis of the theory was 
known to the ancients, and the evidence in 
Plato seems to indicate that they recognized its 
beauty and importance.” “... We shall con- 
clude this chapter with a consideration of a 
property which is more amusing than signifi- 
cant.” “In conclusion we mention, without 
proof, another remarkable property of these 
curves....” 

Not many high school students think of 
mathematics as “beautiful,” “elegant,”’ ‘“‘amus- 
ing,” or “remarkable.” 

In summary, this is a most delightful and in- 
triguing book. From the practical point of view, 
it will supply supplementary material for the 
use of teachers, will illuminate certain areas of 
instruction, and will interest a number of high 
school] students who enjoy the subject. But it is 


{ 


more important from the recreational and aes- 
thetic point of view. Any person who really likes 
mathematics may be assured of somewhere 
between twenty-eight hours and twenty-eight 
evenings of great pleasure with this remarkable 
volume.—Harry E. Benz, Ohio University, 
Athens, Ohio. 


Finite Mathematics, John G. Kemeny, J. Laurie 
Snell, Gerald L. Thompson. Englewood 
Cliffs, New Jersey, Prentice-Hall, Inc., 1957. 
Cloth, xi+372 pp., $5.00. 


The recent mushroom-growth of mathe- 
matics and its applications has caused both 
teachers and students to encounter with ever- 
increasing frequency such terms as “‘linear pro- 
gramming,” “game theory,” ‘Markoff chains,” 
and “stochastic processes,” which refer to large 
areas of modern mathematics usually not dis- 
cussed in undergraduate texts. Because of the 
nature of the first two years of traditional col- 
lege mathematics, it may be that in many in- 
stances today’s student knows nothing of the 
flavor of modern mathematics until relatively 
late in his undergraduate career. This well- 
written text, which is the outgrowth of a fresh- 
man course at Dartmouth College, attempts to 
provide a partial remedy for this situation. 

The previously mentioned “modern’’ topics 
are treated along with the more usual ones of 
mathematical logic, set theory, probability 
theory, and vectors and matrices. In each case 
the presentation is fresh and curiosity-provok- 
ing. In each chapter there are dozens of examples 
which prove that mathematics does apply to the 
world of electronic computers, cancer studies, 
and television in which we live. Permutations 
and combinations are rescued from their relative 
obscurity in the college algebra text. Probability 
theory proves to be useful for predicting the 
outcome of elections, baseball games, and rou- 
lette. Applications of mathematics to areas 
other than the physical sciences are stressed. 

This text is a gold mine of problems which can 
keep both the teacher and the student fasci- 
nated and busy for weeks to come. In addition 
to its possibilities for classroom use, Finite 
Mathematics can serve as a reference work for 
any college or high school instructor who wishes 
to help both himself and his students find out 
more about some of the directions in which 
modern mathematics has been growing.— 
Augusta Schurrer, Iowa State Teachers College, 
Cedar Falls, Iowa. 


First Year Algebra, Walter W. Hart, Veryl 
Schult, and Henry Swain. Boston, D. C. 
Heath and Company, 1957. Cloth, ix +390 
pp., $3.20. 

Second Year Algebra, Walter W. Hart, Veryl 
Schult, and Henry Swain. Boston, D. C. Heath 
and Company, 1957. Cloth, ix+470 pp., 
$3.40. 


Throughout this review a word or a phrase 
will be enclosed in single quotation marks when- 


ever this word or phrase, rather than its referent, 
is the subject of discussion. First Year Algebra 
will be referred to as Algebra 1 and Second Year 
Algebra as Algebra 2. 

The contents and the order of chapters in 
each book do not differ to any significant extent 
from other commonly used first and second year 
high school algebra books. Both books contain 
an ample supply of exercises. Reviews at the end 
of chapters, several cumulative reviews dis- 
tributed throughout the books , and tests supply 
more than an ample amount of additional prac- 
tice and drill material. 

The use of red and blue colors in Algebra 1 
and of blue and orange colors in Algebra 2 is 
quite effective. It is nowhere overdone and 
serves the purpose of facilitating reading and 
pointing one’s attention to important parts 
quite well. The covers of both books are most 
attractive. 

The authors included a well-written set of 
directions to students on efficient ways of study- 
ing algebra. It is done in a manner that, in this 
reviewer's opinion, will appear sensible to the 
student. 

Upon closer examination of the contents, this 
reviewer was disappointed to find no significant 
trace of the influence of modern mathematics on 
either the topics included or the language used 
to write about algebra. No serious attempt is 
made by the authors to place topics of algebra 
in a deductive system setting. 

In Algebra 2 ‘equation’ is defined as ‘‘a state- 
ment of equality between two number expres- 
sions’ (p. 68). However, the reader is left to 
guess for himself what is meant by “equality 
between two number expressions.” For example, 
it would be difficult for a teacher to decide 
whether, according to the authors of these text- 
books, ‘sc =z+1’ is an equation or not. This re- 
viewer is of the opinion that much clarity could 
be achieved if the decision as to whether or not 
something written down is an equation would be 
based on its physical form rather than its mean- 
ing. Thus, ‘c=z+1’ is an equation because it 
has numerals or variables on each side of the 
sign ‘=.’ Once this is accomplished, it is quite 
simple to speak of a solution of an equation as 
a job of finding numerals to be put in place of 
variables to yield true statements. Such numer- 
als name numbers, which are called roots of a 
given equation. Since it is impossible to find 
such replacements for ‘zx’ in ‘rc=zx+1,’ this 
equation has no roots. 

The authors are to be commended for avoid- 
ing an overly mechanical approach to the solu- 
tion of equations and for abandoning the use of 
the abominable word “transpose’”’ in connection 
with equations. It was especially pleasing to see 
an early introduction of the commutative and 
the associative law for both addition and multi- 
plication (Algebra 1, pp. 17, 28). 

The manner of treatment of the concept of 
a prime number left this reviewer confused. “A 
prime number is a number that does not have 
any integral factors except itself and 1, as 3, a, 
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and (z?+y*),”’ say the authors (Algebra 2, p. 
38). Aside from this reviewer’s objection to 
calling such as “z*?+y*’ numbers, he is left 
wondering what is meant. by “integral factors.” 
If it is a number that is an integer, then one 
should not use the expression “prime number” 
in reference to ‘“‘x*+y*.’”’ Similarly, one should 
not refer to ‘‘z*+y*” as being an integral factor. 
It seems that this difficulty is directly traceable 
to its basic cause, viz., calling ‘‘z’’ a number. 
The name “number,” in this reviewer’s opinion, 
should be reserved exclusively for entities named 
by such symbols as 6, +3, —7/9, »/3, x, e, and 
/—5. Symbols such as z, then, would be viewed 
as marks replaceable by names of entities called 
“numbers.” 

An attempt to speak about prime factors of 
algebraic expression leads the authors to utter 
such phrases as ‘‘An expression is prime when 
it does not have any factors except itself and 1,” 
followed by: “Thus z+y is prime.” But 


1 


Or, for every z and y, except z =y, the expression 
“(2—y)(a+y)-1/(x—y)” is equivalent to the 
expression “x+y.” In brief, one should abandon 
speaking about prime factors of algebraic ex- 
pressions. Such a concept has no value for 
further study of mathematics nor does it serve 
any purpose in the study of high school algebra. 

The authors get themselves into difficulty by 
doing what most of the high school textbook 
writers seem to do, namely, trying to define 
some words that are extremely difficult to define, 
but which could be made clear by enough exam- 
ples. Consider, for example, the phrase ‘like 
terms.’ In Algebra 1 on page 16, the authors 
state: ‘‘Like terms are terms that have a com- 
mon literal factor.’’ According to this, ‘az’ and 
ay’ are like terms. However, judging from the 
exercises, the authors do not want the student 
to think that ‘az’ and ‘ay’ are like terms. Then, 
on page 17, they state “Unlike terms do not 
have a common factor.” What about ‘az’ and 
‘ay’? 

One should stop, perhaps, citing more exam- 
ples of what may be judged to be the use of 
loose language leading to contradictions and 
lack of clarity, lest he be accused of being de- 
structive. The criticisms above reflect this re- 
viewer's personal prejudices and perhaps an 
overzealous desire to see a high school mathe- 
matics book which is very simply written, re- 
flects the best of modern mathematics, and has 
a wealth of interesting and challenging prob- 
lems for students of all levels of ability. This may 
be a utopian dream. If so, the criticisms above 
should be interpreted in that light. 

This reviewer would leave an untrue picture 
in the minds of readers if he would conclude this 
review without stating that the two Algebras 
compare extremely favorably with what is 
presently available. A serious-minded teacher 
can use these books to a good advantage. They 
contain a wealth of material on all of the im- 
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portant topics in high school algebra. There is a 
great deal of review of arithmetic for the stu- 
dents who need it. Many of the topics that are 
usually associated with college algebra are in- 
cluded in Algebra 2. Some of these topics are 
mathematical induction, the concept of a limit, 
laws of inequalities, the concept of the slope of 
a line, the concept of a derivative, and a geo- 
metric treatment of complex numbers.— 
Eugene Nichols, Florida State University, Talla- 
hassee, Florida. 


MarHematicaL ANnAtysis, E. J. Camp. Boston, 
D. C. Heath and Company, 1956. Cloth, 
xiv+610 pp., $6.00. 


Here is another text entitled Mathematical 
Analysis which, in spite of its promising title, 
would seem to be most appropriate as a text for 
college freshmen who are unlikely to continue 
further in mathematics. For the most part the 
author has welded the traditional content of 
college algebra, plane trigonometry, plane and 
solid analytic geometry, and portions of dif- 
ferential calculus. It is not a complete integra- 
tion of the material at hand and is disappointing 
in such instances as the treatment of trigonome- 
try without using the most elementary results 
of analytic geometry. But the author may be 
commended for his early introduction of the 
concepts of limit (chapter 2) and derivative 
(chapter 3) which makes possible a meaningful 
discussion of tangency in plane analytic geome- 
try and the more adequate Newton’s method of 
approximation of real roots of equations. 

Definitions are frequently given by simple 
examples, but a nice use of footnotes serves to 
clarify. For example, the concept of function is 
exemplified by formulas, but is made precise in 
a footnote citing the definition of a function of 
one variable as a set of ordered pairs of numbers 
(z, y) so that no two pairs have the same first 
element. 

An excellent feature of Mathematical Analysis 
is the chapter devoted to the development of the 
real and complex number systems, with the 
Peano postulates as basis. Not wishing to be too 
rigorous or tedious the author defines rational 
numbers in terms of their algebraic properties, 
then follows with considerations of the reals as 
Dedekind cuts and of complex numbers as 
ordered pairs of real numbers. This chapter is 
followed by the usual topics of college algebra, 
including a reasonably complete discussion of 
determinants in which fourth-order determi- 
nants are used to illustrate the theorems stated 
for determinants of the nth order. The binomial 
theorem is proved using the principle of mathe- 
matical induction, although there is no general 
discussion of induction. 

The trigonometry sections include every- 
thing of a computational nature that could be 
desired. The addition formula for sin (a+ 8) is 
derived in two ways, each starting with the 
unsatisfying hypothesis that a and § are angles 
of right triangles. The author uses arcsin z and 
sin z to distinguish between what he calls the 
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multiple valued inverse sine function and the 
(single valued) inverse sine function. In view of 
the fact that derivative has been defined only 
for (single valued) functions, it would seem to 
be asking too much of the student to request in 
an exercise that he show the derivative of arcsin 
z to be 
1 
tV1-# 

The chapters devoted to conic sections, 
planes, lines, and quadric surfaces are more 
exhaustive than many analytic geometry texts. 
Topics of differential calculus consist of recti- 
linear motion, extreme values, and area under 
a curve which is presented in terms of the anti- 
derivative. 

There are few really serious errors in the 
text. An inadvertent slip on page 346 reads 
“Since the trigonometric functions are multiple 
valued ....” And the phrase “limit as z be- 
comes infinite,” although certainly not original 
with the author, is somewhat jarring. 

An appendix includes tables of natural and 
common logarithms, values of trigonometric 
functions and their logarithms, and answers to 
odd-numbered problems.—George W. Peglar, 
Towa State College, Ames, Iowa. 


Mathematics for Everyday Affairs (second edi- 
tion), Virgil S. Mallory. Syracuse, New York, 

L. W. Singer Company, Inc., 1956. Cloth, 

ix +493 pp., $3.60. 

The author indicates in the preface that he 
used the following four objectives as guides in 
writing the text: 

. All the material of instruction must be 
socially useful. 

. Every explanation must be simple and 
direct. 

. Pupil interest must be aroused through- 
out the text. 

. Means must be provided to interest the 
pupil in a variety of activities that lead 
to learning. 


The outstanding feature of this book is the 
inclusion of socially significant topics for study 
and discussion. The chapters, ‘‘The Need for 
Measurement,” “Scale Drawing,” and “Telling 
Stories with Graphs’’ are excellent. The prob- 
lems involve settings which the student might 


have encountered in his work and play in the 
home, school, or community. As one would ex- 
pect, the chapters, ‘‘Mathematics of the 
Home,” “Mathematics of Your Town and 
Country,” “Keeping Accounts and Saving 
Money,” and ‘How to Invest” also include 
much socially useful material. 

The general procedure of the author to 
arouse interest is the inclusion of socially sig- 
nificant material. However, occasional reference 
is made to the history of mathematics and 
mathematical recreations. Also, the exercises 
are easy enough so that even a student with fair 
understanding might succeed in solving many 
of them. 

According to the Dale procedure for rating 
readability, the text can be read intelligently 
by the average seventh or eighth grader. Low 
readability demands for a text so rich in 
social applications is an unusual and commend- 
able characteristic. 

The explanations given to the mathematical 
topics presented are of the type generally found 
in texts. They are direct, to the point, and leave 
little to the imagination of the student. If the 
student is able to conform to the author’s way 
of thinking, then the explanations may be of 
some value. If he is unable to conform, then the 
explanations probably add little to his under- 
standing of mathematics. Very little if any op- 
portunity is provided in the explanatory ma- 
terial for the student to do any significant 
mathematical thinking for himself. 

Two algebra chapters are included. The 
topics introduced are formulas, equations, and 
positive and negative numbers. Also, there are 
chapters on geometry and indirect measure- 
ment. The geometry chapter acquaints students 
with constructions using ruler and compass and 
with a few geometric facts. The work on in- 
direct measurement includes an introduction to 
the tangent ratio. These chapters do give 
students a preview of mathematics they could 
study, but it is doubtful that the method of 
presentation will do much to encourage students 
to further their study of mathematics. 

Because of its variety of socially useful prob- 
lem material and its relatively low readability 
demand, this text could serve as an excellent 
source of problem material for the teacher of 
ninth-grade mathematics or of a senior high 
school arithmetic course.—Oscar F. Schaaf, 
University of Oregon, Eugene, Oregon. 


A psychotic doesn’t know that 2+2=4. A 
neurotic knows that 2+2=4, but it makes him 
nervous.—Taken from Minnesota Journal of Ed- 
ucation. 
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@ TESTING TIME 


in mathematics 


Editor’s Note: In the April, 1957 issue of Tue 
Maruematics Teacner, Mr. Edwin C. Doug- 
las, head of the mathematics department and 
assistant headmaster at Taft School, Water- 
town, Connecticut, discussed the College En- 
trance Examination Board’s mathematics 
achievement tests. In this column Mr. Douglas, 
who is also panel chairman of the College 
Board’s mathematics examining committees, ex- 
plains the role of the Advanced Placement Pro- 
gram and its Mathematics Examination. Credit 
is due Mrs. Jess Epstein and Dr. Sheldon §. 
Myers of the Educational Testing Service for as- 
sisting Mr. Douglas in the selection of sample 
questions presented in this article. 


In a previous article the author at- 
tempted to describe the regular achieve- 
ment examination program in the field of 
mathematics of the College Board (see 
Tue Matuematics TEACHER, April, 1957). 
An attempt will be made in this article to 
describe the Advanced Placement Exami- 
nations in Mathematics. 

Again it may seem rather presumptuous 
of the writer to feel he could add anything 
to what has already been written in the 
bulletins of the College Entrance Exami- 
nation Board! However, it is recognized 
that these bulletins may not have been 
very widely read. Consequently, there 
does seem to be considerable merit in pre- 
sentang a discussion of the test in this 
column. 
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Jdited by Robert S. Fouch, Florida State University, and 
Robert Kalin, Florida State University, Tallahassee, Florida 


The College Entrance Examination Board's 
examination for Advanced Placement 


by Edwin C. Douglas, Taft School, Watertown, Connecticut 


The Advanced Placement Program had 
its origin in the School and College Study 
of Admission with Advanced Standing. A 
more popular title was “The Kenyon 
Plan.” In 1955 the College Board was 
asked to administer the program on a na- 
tional basis, and agreed to do so. Conse- 
quently, there now exists a nation-wide 
program for educating our gifted students 
at the secondary school level, with a set of 
examinations in college freshman level 
work suitable both to the secondary school 
and the colleges. 

It must be clearly understood that these 
examinations are taken in May of the 
twelfth grade and are for the purpose of 
enabling the colleges to grant advanced 
placement, college credit, or both. These 
examinations are not to be confused with 
the achievement tests described in a previ- 
ous article (April, 1957). The achievement 
tests, along with the scholastic aptitude 
tests, are for college admission, while the 
Advanced Placement examinations have 
nothing to do with college admission at all. 

Much of the earlier work in the field of 
mathematics was done by a committee 
under the Chairmanship of Professor 
Heinrich Brinkmann of Swarthmore Col- 
lege. Obviously if a student is to take col- 
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lege freshman calculus and analytic geom- 
etry at the twelfth grade level, the normal 
program for four years of secondary 
school mathematics must have been con- 
densed into three years. The report of the 
Brinkmann Committee contained in the 
bulletin on Advanced Placement outlines 
a suggested curriculum for grades ten, 
eleven, and twelve.! 

Enough of the generalities. Specifically, 
the test in mathematics is made out by a 
committee of six teachers, four at the col- 
lege level and two at the secondary school 
level. In addition, the chief reader, two 
members of the mathematics section of 
Educational Testing Service, and the 
chairman of the College Board’s Mathe- 
matics Panel also attend. 

This group is charged with the responsi- 
bility of producing a test covering the 
normal subject matter contained in a 
standard college freshman course in ana- 
lytic geometry and calculus. Members of 
the committee submit the items from 
which the test is eventually constructed. 
There is no careful pre-testing of these 
items, as is the case in the achievement 
tests. Eventually there will be a sufficient 
backlog of items to permit adequate pre- 
testing and item analysis. The complexion 
of the Examiners Committee is such that 
one could expect only an eminently sound 
examination. 

One of the major, and possibly more at- 
tractive, features of this examination is 
that it is composed of two parts. The first 
is timed for an hour, and it is completely 
objective in nature; the second part, timed 
for two hours, is comprised of ten essay- 
type questions. The first part is machine- 
scored, but the second section is read by a 
group of readers, some of whom are also 
members of the committee making out the 
examinations. The composite score, the 
essay-question section, and a description 
of the course taken are all sent to the col- 
lege mathematics department to expedite 


1 Copies of this bulletin can be obtained by writing 
the Director of the Advanced Placement Program, 
425 West 117th Street, New York 27, New York. 


the ultimate decision to grant credit, ad- 
vanced placement, or both. This decision 
lies wholly within the jurisdiction of the 
individual college mathematics depart- 
ment under question. 

Before attempting to summarize the re- 
sults to date, it might be wise to look at 
some sample questions. The following 
quotation is taken directly from the bulle- 
tin entitled “Advanced Placement Pro- 
gram,” pages 121-123. Some of the sample 
questions following this quotation are 
from this bulletin; others are actual exami- 
nation questions given in previous years. 


The Advanced Placement Test in Mathe- 
matics, which is three hours in length, seeks to 
determine how well a student has mastered the 
principles, as well as the skills and techniques, 
of the subject matter outlined above. The test 
will normally consist of (1) a multiple-choice sec- 
tion which will test proficiency in a large variety 
of topics, and (2) a problem section, which re- 
quires solutions in detail, giving the student an 
opportunity to demonstrate his ability to carry 
out proofs and solve problems involving a more 
extended chain of reasoning. The test is designed 
to give a complete coverage of the subject mat- 
ter, and it is not expected that any one student 
will answer all the questions. 

The following questions are typical of those 
that might be included in the test. The first 10 
questions are of the multiple-choice type, and 
are to be answered by selecting one of the five 
choices lettered (A) to (E). The remainder are 
illustrative of questions requiring detailed an- 
swers. 


Sample questions 
1. If f(2x)=3x—1, find y such that 
Sly) =4. 


(A)$ (C)2 (D) 


2. Find the equation of the locus of a 
point the square of whose distance from 
(3, 0) is always twice its distance from the 
x-axis. 


(A) 2?-—3y?—67+9=0 

(B) 2?+y?—8r+9=0 

(C) 
(D) 2*+y?+6r—2y+9=0 
(E) 22?+2y?—12z—y+18=0 
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3. If the line y=mz+b passes through 
the center of the circle 2*+y?+2x—4y 
—4=0 and is parallel to the line 27+3y 
= 5, the value of b is 


(A) 7 (B) (C) 
(D) —4 (E) None of these 
4. An equation of the tangent line to the 
curve y=1/z at the point (2, 4) is 
(A) z+4y=0 (B) z+4y=4 (C)a+y=1 
(D)z—-y=} (E) r—4y=0 
5. The value of 
4 dz 
1 Vz 
is 
(A) log 4 (B) (C) 1 (D)2 (E) 4 
6. For which of the following values of 


x does the curve y =e’ sin z have a relative 
maximum? 


(A) (B) z=— (C) 


4 
(D) (E) 
4 4 
7. If zy+tan y=0, dy/dx= 
r+sec? y c+sec? y 
1 y+sec* y 
(Cc) (D) 
1+sec? y x 
1 
(—E) —— 
x+sec* y 
8. lim (tan 2z)/z is 
z—0 


(A) 0 (B) 4 (C) 1. (D) infinite 
(E) none of these 
9. For a certain curve d*y/dzx? = 18x—8. 


If the curve has a slope of 9 at the point 
(1, —1), find its equation. 


(A) y=9x?—82r-—2 
(B) y=9x?—82+8 
(C) 
(D) y=32*—42?+8r-8 
(E) y=32*—42?+8r+8 
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10. The least value attained by the 
function y =z*—92?+242+1 in the inter- 
val 0<2<5is 


(A) 1 (B) 4 (C) 17 (D) 19 (E) 21 


The following questions are illustrative 
of those requiring detailed answers that 
might be included in the test: 

11. Prove by the methods of analytic 
geometry that the three altitudes of a tri- 
angle meet in a point. 

12. Differentiate the function 


x 
y 


zr+2 
directly by using the definition of the de- 
rivative. 

13. Discuss the graph of v=2*e~*. In- 
clude such of the following properties as 
may apply to it. 

(A) symmetry (B) intercepts (C) asymp- 
totes (D) maxima and minima (E) points 
of inflection (F) behavior for large | <| 

Use this information to sketch the 
curve. 

14. A right circular cylinder of radius 
12 in. is cut by a plane which passes 
through a diameter of the base and makes 
an angle of 60° with the base. Set up an 
integral which will determine the volume 
of the wedge cut off. Evaluate the integral. 

In case the reader is interested in the 
correct answers to the ten multiple choice 
questions they are as follows: 


1. (D) 6. (D) 
2. (C) 7. (A) 
3. (C) 8. (E) 
4. (B) 9. (D) 
5. (D) 10. (A) 


It might be fair to state at this point 
that the illustrations used above are in no 
way a complete set of questions designed 
for an entire test. Absolute value, trigono- 
metric, logarithmic, and exponential func- 
tions are among the topics missing in the 
illustrative material. 

Last May, 386 pupils took the advanced 
placement examination in mathematics. It 
is interesting to note that this total was 
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topped only by English Composition and 
English Literature with 446 and 412 candi- 
dates respectively. There were 110 schools 
that had 1,224 students take 2,187 exami- 
nations in the entire program. 
Scores are reported on a five-point scale 

as follows: 

High honors 

Honors 

Creditable 

Pass 

Fail 


The following table lists the results in 
mathematics on last year’s test. 
TABLE 1—FREQUENCY DISTRIBUTION OF 


COMPOSITE MATHEMATICS SCORES FOR 
HIGH SCHOOL STUDENTS 


Composite Frequency Cumulative Percentile 
Score F Rank 


44 
109 
87 
100 
46 


A control group of college freshmen was 
used to investigate the validity of the 
examination. It is never fair to make 
sweeping generalities about two groups 
when the motivations might not have 
been the same. However, suffice it to say 
that the high school candidates for ad- 
vanced placement in mathematics per- 


formed at least as well on this test as cer- 
tain groups of college freshmen. 

Registration returns for this May indi- 
cate that more candidates than ever be- 
fore will take the examinations. There is 
no question but that the program will be 
a success. And well it might be! The gifted 
student has been the forgotten pupil in 
our academic scheme entirely too long. 

There have been many interesting by- 
products of this program. It has unques- 
tionably led to a move to re-examine our 
secondary school mathematics curriculum. 
Tangible evidence of this is the NCTM 
Committee on Secondary School Curricu- 
lum, the CEEB Commission on Mathe- 
matics, and the popular interest in the 
University of Illinois Committee on Sec- 
ondary School Mathematics. 

But even more far-reaching in the writ- 
er’s opinion has been the splendid way in 
which college professors and capable sec- 
ondary school teachers have come to a 
position of mutual understanding and 
appreciation for each other’s problems. 
Out of the Advanced Placement confer- 
ence held annually in June has come a 
warm respect for the abilities of those at 
both levels in our educational structure. 
Here again we have a picture of a test 
doing far more than it was ever designed 
to do. Two important levels of educatiofi 
have been brought into much closer har- 
mony with a test serving as the catalyst. 


The most important unsolved problem in 
education is discovering and releasing the maxi- 
mum potential of each child. We need poets, 
senators, businessmen, as well as scientists and 
engineers. If we discover what children have in 
them early enough, we'll have more than 
enough of everything.—John Hersey, novelist. 
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@ TIPS FOR BEGINNERS 


Edited by Francis G. Lankford, Jr., Longwood College, Farmville, Virginia, 
and Joseph N. Payne, University of Michigan, Ann Arbor, Michigan 


A logical beginning for high school geometry 


by John D. Wiseman, Jr., Tenafly High School, Tenafly, New Jersey 


Introducing students to high school 
geometry has been tried in a number of 
ways. In attempting to develop a begin- 
ning that seemed likely to be most effec- 
tive in my classes, I came up with the 
ideas presented here. I started with the 
assumption that students bring to their 
study of geometry a natural curiosity to 
know what the new course is all about. I, 
also, assumed that an important purpose 
of the course is the development of an 
ability to think critically. I decided that 
a good approach would be one that teaches 
the meaning of proof as used in mathe- 
matics. 

Since many words used in mathematics 
have both mathematical and nonmathe- 
matical meanings, it is essential first to 
discover the meaning that the students al- 
ready have for the word “‘proof.”’ This can 
be done easily by asking them to write the 
answer to this question: 

What do you mean when you say you 
“prove” something? 

I assure the students that the question 
is not to be graded, but that it is important 
for me to find out what they mean when 
they use this word. Since no warning is 
given that the question is to be asked, 
each answer is the student’s own. 

The answers I have received from stu- 
dents in two high schools, one in South 
Carolina and one in Florida, are remark- 
ably similar. The statements seldom go 


beyond one sentence or two. The ideas ex- 
pressed frequently use these words: 
“show,” “true,” and “fact.” Here are 
typical answers: 

“To me, proof means to be shown with- 
out a doubt the truth of some matter or 
thing.” 

“T think you mean that you have 
worked it out and found whatever it is, to 
be true.” 

“Proving anything makes it true.” 

“‘When you prove something, you have 
found the facts that declare whether some- 
thing is true or untrue and have evidence 
to explain your reason or belief.” 

“‘When I say I prove something I mean 
that I am able to show facts which show 
that the certain something is true.” 

“‘When I prove something I show people 
that I’m right.” 

“‘When I prove something I am showing 
the other people that it is right.” 

The important thing about all these 
answers is that the students attach prac- 
tically the same meaning to the word 
proof. In discussing such answers with the 
pupils, they readily agree that they are 
using the words true and fact to mean the 
same thing, and that either could be used 
in place of the other without changing 
their meaning. Even the minority of pupils 
who use the word “right’”’ agree that “fact” 
or “truth” better expresses their meaning. 
In other words, the meaning of proof that 
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many high school pupils have on entering 
geometry is: 

Proof means the use of facts (or evi- 
dence) to show that something is true (or 
right), and perhaps to convince someone 
else who may disagree with you. 

This meaning of proof indicates the task 
facing the teacher who desires a logical 
beginning in high school geometry. Prov- 
ing a theorem in geometry does not involve 
showing anyone that anything is true or 
factual, much less that it is right. Proving 
a theorem does involve the nature of a 
logical conclusion. Establishing this mean- 
ing in the students’ minds is essential for a 
logical beginning in geometry. 

The mathematical meaning of proof in 
geometry is quite different from the mean- 
ing of proof that the students often al- 
ready have. But the fact that there are 
two different meanings does not say that 
one is right and the other wrong. Both 
meanings are right in the sense that the 
word is used to mean different things in 
different situations. The pupils must be 
made aware of this difference. 

A good beginning is the essay by Cassius 
Jackson Keyser, “Is All Thinking Organic 
Behavior?” in his Thinking About Think- 
ing. High school students can understand 
the essay easily and the story of the kit- 
ten’s fighting and whipping the dog is par- 
ticularly interesting. The kitten’s be- 
havior (as well as the dog’s) is a kind of 
thinking. It is one of the simpler kinds 
with no meaning of proof attached. Higher 
and more complex levels of thinking do 
involve ideas of proof. The following dia- 
gram can picture the relationship to the 
students: 

Autonomous (if-then) thinking—Proof: 

new meaning 

Scientific (empirical) thinking—Proof: 

show something is true 

Kitten (or dog) thinking—Proof: 

no meaning 

Leading students to understand the na- 

ture of mathematical proof is the next 


task. The principal features of mathe- 
matical proof are presented in many text- 
books. Undefined words and definitions, 
assumptions and conclusions are all ex- 
plained. High school students need, also, 
to understand the relation of proof to 
truth. They need to know that the as- 
sumptions in mathematics need not be 
true, may not be true, and we don’t know 
whether or not they are true. The students 
need to know what is claimed in mathe- 
matics, and that if the assumptions are 
true, then the conclusions must be true. 

After students are well into the course in 
geometry, I use this question to test their 
understanding of mathematical proof: 

In mathematics, what do you mean 
when you say you prove something? 

Here is a typical answer by a student 
whose previous answer was that proof 
meant showing something is true: 

“In mathematics we prove something 
by autonomous thinking. We start with 
certain undefined terms and assumptions, 
using as few as possible of these. With 
these terms we define other terms. These 
are used to arrive logically at a conclusion. 
In mathematics the assumptions need not 
be true, but if the assumptions are true 
then the conclusions are true.”’ 

This is a new meaning of proof for most 
high school pupils, but it is one they should 
learn in their study of high school geome- 
try. 

In summary, the beginning for geometry 
which I have used does two things: 

1. It recognizes the idea of proof that 
the students already have, and teaches 
them the worth and limitations of the 
idea. 

2. It develops an entirely new meaning 
of proof, particularly in its relation to 
truth. It is my experience that a beginning 
for geometry which ignores these two 
things often leads to confusion, a confusion 
which arises from the fact that the word 
“proof” is used differently in mathematics 
than in nonmathematical situations. 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Minutes of the Annual 


Business Meeting 


Bellevue-Stratford Hotel, Philadelphia, Pennsylvania 
March 29, 1957 


Dr. Howard F. Fehr, President, called the 
meeting to order at 4:00 p.m. 
I. In his opening statement, Dr. Fehr expressed 
his appreciation to the membership for the fine 
co-operation he had received during the past 
year. He stated further that the Council was 
making fine progress in meeting its objectives, 
this progress being due to the excellent work of 
the members. In addition, Dr. Fehr made the 
following announcements: 

A. Guidance Pamphlet—The National Acad- 
emy of Sciences—National Research 
Council (Applied Mathematics Division) 
has proposed a brochure to go to high 
school students. This brochure will con- 
tain biographies of ten living mathema- 
ticians who are not teachers. In addition, 
it is to contain the biography of at least 
one person who is teaching mathematics. 
A further addition will be suggestions on 
what one must do in order to prepare for 
a career in mathematics. The Council and 
the M. A. of A., among other groups, 
have agreed to co-operate. The National 
Science Foundation has been approached 
for aid in publishing the pamphlet. 

B. The U. 8. Commission of Mathematics 
has selected two members of the Council 
to aid in interpreting our work to other 
nations. Those selected are: Dr. Howard 
F. Fehr and Dr. Henry W. Syer. 

C. The National Association of Secondary 
School Principals has again invited the 
Council to supply the articles and to edit 
an issue of its publication, The Bulletin. 
This will be the March or April issue for 
1959. The Board has accepted this invita- 
tion and will proceed to appoint an editor 
and staff. 

D. Yearbooks—The schedule of future year- 
books as determined to date is as follows: 
1. The 24th Yearbook, under the editor- 

ship of Dr. Phillip 8. Jones, is due to 
be published in 1958. The title is: 
Central Themes and Concepts. 


2. The 25th Yearbook, under the editor- 
ship of Dr. F. E. Grossnickle, is due to 
be published in 1959. The title is: 
Arithmetic. 

3. The 26th Yearbook, under the editor- 
ship of Dr. Donovan A. Johnson, is 
due to be published in 1960. The title 
is: Evaluation. 


II. Dr. F. L. Wren moved, seconded by Brother 
Francis Gerard, that the minutes of the April 13, 
1956, meeting be approved as printed. The mo- 
tion carried. 


III. Dr. Houston T. Karnes, Recording Secre- 
tary, gave a brief review of the actions of the 
Board during the past year. This review in- 
cluded items which were thought to be of inter- 
est to the members. The review follows: 


A. Dr. H. Glenn Ayre was appointed to fill 
the vacancy caused by the untimely 
death of Mr. G. E. Hawkins, as the Reg- 
istered Agent for Illinois. 

B. The National Science Foundation con- 
tributed $13,540.00 to be used in the de- 
velopment of the 24th Yearbook under 
the editorship of Dr. Phillip 8. Jones. 
This Yearbook, on Central Themes and 
Concepts, is to be released in 1958. 

C. Further plans were adopted for voting 
and for the counting of votes. They are as 
follows: 

1. The membership will be given a one- 
month period in which to vote. The 
ballots must be postmarked no later 
than twenty-one days before the An- 
nual Meeting. 

2. An envelope arrangement will ac- 
company the ballots so that the ballots 
may be returned in privacy. These en- 
velopes will not be opened until the 
counting date, and then only by those 
who are employed to make the count. 
For this reason, checks, orders, and 
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the like should not be enclosed in the 
envelope with the ballot. 

3. The Remington-Rand Company, or 
some similar agency with automatic 
tabulating machinery, will be em- 
ployed to count the votes. This agency 
will submit three official copies of the 
results: one copy to the President, one 
copy to the Executive Secretary, and 
one copy to the Chairman of the Nom- 
inating Committee. These results will 
be considered as final. 

4. As soon as the final report on the votes 
is received, the Executive Secretary 
will notify those who have been 
elected, after obtaining approval of his 
letter from the President and the 
Chairman of the Nominating Com- 
mittee. 

. Places of future meetings: 

1. The 1957 Summer Meeting will be 
held at Carleton College, Northfield, 
Minnesota. The dates are August 18- 
21, 1957. 

2. As an experiment, there will be no 
Christmas Meeting for 1957. 

3. The Annual Meeting for 1958 will be 
in Cleveland, Ohio. 

4. The 1958 Summer Meeting will be 
held in Greeley, Colorado. 

5. In view of the strong invitation from 
the New York City group and since 
the Council has never met in New 
York City, it was decided to have a 
1958 Christmas Meeting in New York 
City. 

6. The 1959 Annual Meeting will be held 
in Dallas, Texas. 

7. The 1960 Annual Meeting will be held 
in Buffalo, New York. No further 
meetings are as yet scheduled. The 
President, however, invites all members 
and/or groups to extend invitations. 

. Due to the fine work of the Membership 
Committee, supported by other agencies 
of the Council, more than 2,000 new 
members have been added during the 
past year. 
. The first membership catalogue was pub- 
lished last fall. The decision of the Board 
to publish such a directory has been well 
received in view of the fine letters from 
the members. It has proved to be most 
useful to many people. 
. In view of increased costs the Board is 
considering an increase in dues. This will 
not be a hasty move and no increase will 
be considered until a complete study of 
the financial structure is made. This 
study will be made and presented to the 
Board at the Carleton College meeting 
this summer. Should an increase be war- 
ranted, it will not become effective until 
the summer or fall of 1958. The Council 
at the present has the lowest dues of any 
comparable organization. 
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H. Secondary Curriculum Committee; Mr. 
Frank Allen, Chairman. This committee 
has been expanded and its work accel- 
erated. Definite plans have been formu- 
lated and approved for a three- or four- 
year study. The work of this committee is 
to be far-reaching. The membership of 
the Council can anticipate the report of 
this committee as being a major mile- 
stone in the progress of mathematical ed- 
ucation, 

I. Time does not permit a more detailed re- 
port of the actions of the Board during 
the past year. The report which you have 
heard contains those items which the Re- 
cording Secretary feels will be of major 
interest to you. The Secretary wishes it 
were possible to give a survey of all the 
fine committee reports which have been 
submitted to the Board. It should be said 
in passing, however, that these reports 
reveal that many interested and capable 
teachers of mathematics are doing excel- 
lent work in their particular areas and 
thus advancing the objectives of the 
Council on al! fronts. 

J. In the interest of correcting certain false 
statements and in creating a better un- 
derstanding and to set forth the policy of 
the Council, the Board has adopted the 
resolution that follows. The resolution 
was prepared by a special committee 
composed of Dr. Myron Rosskopf, Dr. 
H. Vernon Price, and Mr. Robert E. K. 
Rourke, Chairman. The resolution will 
be read by Dr. Howard Fehr. 


A resolution for The National Council 
of Teachers of Mathematics 


PREAMBLE: 

Recently, a spate of printed matter has un- 
folded shocking stories of the state of scientific 
education in this country. Newspapers, maga- 
zines, and reports of committees and commis- 
sions have told the public that, both as regards 
quality and quantity, our resources of teachers 
and students in mathematics and science are 
markedly inadequate. Some call the situation 
“a national emergency.”’ Writers and speakers 
point out, with urgency and frequency, the need 
for increasing the supply of scientific manpower 
forthwith. 

The undoubted seriousness of the situation 
has led many to attempt to search out its causes. 
Some of this searching has been objective and 
valuable, pointing out paths to worthwhile im- 
provement; some of it, on the other hand, has 
resulted in distortions of facts and in fruitless 
fingerpointing. One of the most popular scape- 
goats is the high school—its curriculum and its 
teachers have faced criticism that is not always 
supported by the facts, or conducive to positive 
remedial action. 

In particular, statistics are often used to 
make the picture blacker than it is. Percentage 
enrollments in algebra, geometry, and trigonom- 
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etry are sometimes given without any reference 
to the changed nature of the population since 
1900; there is often no appreciation whatever of 
the problems of mass education. In 1900, a very 
large percentage of those in high school went on 
to college; in 1957, this is no longer the case. 
Pamphlet No. 118, issued by the U. 8. Depart- 
ment of Health, Education, and Welfare, calls 
attention to some of these unfortunate misrepre- 
sentations. 

“|. It has been stated that only 1 out of 22 
high-school students takes physics, whereas 
actually the ratio is closer to 1 out of 5. The num- 
ber of pupils in chemistry has not declined 30% 
during the past 60 years—it has increased more 
than twentyfold. Two-thirds of the high-school 
pupils take algebra, instead of one-fourth.” 

Some surveys have compared the 
number of pupils in a particular course to the 
total enrollment in the school, rather than to the 
enrollment in the grade where the course is nor- 
mally offered. On the former basis, if the course 
is a 12th-grade course and all 12th-graders take 
it, we would expect the percent to be about 19, 
since about 19% of all high-school pupils are in 
the 12th grade. This could be misinterpreted to 
mean that only 19% of the pupils who complete 
high school have taken the course.” 

In order to appreciate the nature of the prob- 
lem, to understand something of its causes, and 
to take intelligent action toward its solution, 
certain facts must be faced: 


A. The explosive development of mathemat- 
ics since 1900 is probably without prece- 
dent in any other branch of learning, with 
the possible exception of physics. This 
embarrassment of mathematical riches 
has necessitated an up-dating in terms of 
subject matter for teachers at all levels. 

B. The new developments in mathematics 
have been accompanied by a spectacular 
surge of new applications in the physical 
sciences, in the social sciences, in indus- 
try, and in national defense. Application 
rides hard on the heels of discovery. The 
requirements for those trained in mathe- 
matics today demand new goals, new con- 
tent, new textbooks, and teachers with 
new training. A reshuffling of old mate- 
rials will not suffice. A number of com- 
mittees, commissions, and college staffs 
are now facing this fact frankly; the 
National Science Foundation is providing 
funds for a major attack on the problem. 

C. The need for re-evaluation of aims, cur- 
riculum, methods, and teacher training is 
not only a problem for the high school; it 
demands attention from first grade right 
through college. The colleges are quite 
aware of this. A committee of the Mathe- 
matical Association of America reports 
that ‘‘there exists widespread dissatisfac- 
tion with the existing undergraduate pro- 
gram in mathematics.” Already a num- 
ber of colleges have developed courses 
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radically different from the traditional 
program. 

D. This great need for a better job of teach- 
ing mathematics at all levels places a 
special strain on those who must find the 
staff for the job. The graduate in mathe- 
matics formerly had little but teaching 
to which he might turn; now he has many 
vocational outlets. Opportunity no longer 
knocks just once, and often schools find 
it impossible to compete with industry 
for the services of well-trained graduates. 


In view of the foregoing, it seems right and 
proper that the National Council of Teachers of 
Mathematics should at this time make known 
its awareness of the fact that the special needs 
of our time present special problems as yet un- 
solved. Since the Council has an important role 
to play in finding a solution to these problems, 
it should recall to the public its continued readi- 
ness to bear its full share in the task that faces 
all those responsible for the training of our scien- 
tists. 


BE IT THEREFORE RESOLVED: 


Tuat The National Council of Teachers of 
Mathematics continue in the future, as in the 
past, to strive unceasingly for high professional 
standards for teachers of mathematics, as re- 
gards subject matter, professional training, and 
certification requirements. 

Tuat the National Council keep in close 
touch with other groups engaged in the task of 
improving the program and presentation of 
mathematics, and support the good work of 
these groups in every way possible. 

Tuat the National Council urge teachers of 
mathematics to take advantage of the many op- 
portunities now available for in-service training 
—during the school year, in summer institutes, 
and, where possible, during leaves of absence. 

Tuat the National Council continue, with 
increased vigor, to improve the training of its 
membership through its Yearbooks, THE Marue- 
MATICS TEACHER, The Arithmetic Teacher, and 
its other publications. 

Tuat the National Council use every means 
at its disposal to encourage students to study 
mathematics as long as they are able to profit 
from it, realizing that quantity production 
without adequate quality will aggravate rather 
than ameliorate the situation. 

Tuat the National Council continue to pur- 
sue its study of goals and curriculum with a view 
to evolving and spelling out in detail programs 
of mathematical study that will challenge stu- 
dents of all levels of ability. 

Tuart the National Council urge its mem- 
bers to face squarely their special responsibilities 
to the very gifted in mathematics. 

Tuat the National Council work toward an 
ever-increasing co-operation between profes- 
sional mathematicians, departments of educa- 
tion, and high school teachers of mathematics, 
in the firm belief that in such co-operation lies 
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our best hope of providing the scientifically 
trained personnel to meet the nation’s needs. 
IV. Mr. M. H. Ahrendt, Executive Secretary, 
gave a brief description of his work over the past 
year. He also gave a preliminary financial report. 
He stated that the final report would not be 
available until after the close of the fiscal year 
which ends on June 1. The completed report 
will be published. Mr. Ahrendt said the work- 
load in the Washington Office was on the in- 
crease. In addition to the Executive Secretary, 
the staff is composed of five fulltime and one 
parttime employee. He said that, while the 
financial condition of the Council was sound, 
the expenses were beginning to exceed the in- 
come. 

V. The 35th Annual Meeting breaks the attend- 
ance record. Dr. Fehr announced that the previ- 
ous record of 1,322 registrants was made at the 
28th Annual Meeting. The present registration 
figure for this, the 35th Meeting, is 1,343 with 
150 more expected before the meeting comes to a 
close. Included in this number are: 399 from 
Pennsylvania, 178 from New Jersey, 140 from 
New York, 112 from Maryland, 18 from Cana- 
da, and one from Puerto Rico. 

VI. Dr. F. L. Wren, Chairman of the Nomina- 
tion and Election Committee, gave the following 
report of the recent balloting: 


Vice-President for College: Dr. Robert E. 
Pingry 
Vice-President for Junior High School: Miss 
Alice M. Hach 
Directors: Dr. Clifford Bell 
Mr. Robert E. K. Rourke 
Miss Annie John Williams 


VII. Dr. Fehr introduced the new officers and 
directors as declared elected by Dr. Wren. 
VIII. Dr. Clifford Bell, Chairman of the new 


Committee on Nomination and Election, an- 
nounced the plans of his Committee and en- 
couraged the members to make recommenda- 
tions. A box is located at the registration desk 
for the purpose of depositing recommendations. 
Two new vice-presidents are to be elected repre- 
senting the elementary and secondary schools. 
Three new directors are to be elected, one of 
whom must come from the Southwest district. 
IX. Miss Ida May Bernhard presented the fol- 
lowing resolution: 

Be RESOLVED: 

Tuat the members of The National Council 
of Teachers of Mathematics express sincere ap- 
preciation and thanks to the Association of 
Teachers of Mathematics of Philadelphia and 
vicinity; the local committees; the co-operating 
high school students; the Philadelphia Inquirer 
and the Evening Bulletin ; the wire services of the 
Associated Press, the United Press, the Inter- 
national News Service; the NEA Division of 
Press and Radio; and radio stations WPEN, 
WCAU, and WIP, which carried feature pro- 
grams, all other stations carrying spot news and 
announcemerits; the Bellevue-Stratford Hotel; 
the staff in the Washington Office; and all others 
who shared in the planning and execution of this 
meeting in the city of Philadelphia. Their friend- 
liness, co-operation, hospitality, and untiring 
efforts have made this a truly successful meet- 
ing. 

After reading the resolution, Miss Bernhard 
moved and was seconded by Dr. H. Vernon 
Price that the resolution be adopted. The motion 
passed. 
X. The meeting was duly adjourned at 5:00 
P.M. 
Respectfully submitted, 
Houston T. Karnes, 
Recording Secretary 


Minutes of the Eighth Delegate 
Assembly 


Bellevue-Stratford Hotel, Philadelphia, Pennsylvania 
March 27-30, 1957 
Edited by Elizabeth Roudebush, Seattle Public Schools, Seattle, Washington 


The Eighth Delegate Assembly for Affiliated 
Groups of The National Council of Teachers of 
Mathematics met in the South Garden of the 
Bellevue-Stratford Hotel, Philadelphia, Penn- 
sylvania, at 9:00 a.m., March 28, 1957, with 
Chairman Elizabeth J. Roudebush presiding. 


Dr. Howard F. Fehr, President of The Na- 
tional Council of Teachers of Mathematics, ex- 
tended greetings and in a brief address empha- 
sized the tremendous task which is vested in the 
National Council. Since the future supply of 
scientists is to come from the present school and 
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college population it is imperative that teachers 
know what is to be done and how to do it, if the 
needs of the present and future are to be met. It 
is the privilege and responsibility of our Council 
to provide leaders in education so that the neces- 
sary advance can be made in science for the 
years ahead. He admonished all members 
throughout the nation to keep abreast of the 
times, to carry on their duties as teachers, and 
to assist in building up a strong membership in 
our national organization. He expressed a hope 
that we would set a membership goal of 25,000. 


How to keep informed 


A panel of five discussed ““Elow to Keep In- 
formed of Changes in Mathematics.”’ Edwin C. 
Douglas spoke on the changes in college entrance 
requirements and examinations. He also spoke 
of the Advanced Standing Program and the op- 
portunity for talented and industrious students 
to receive advanced standing when entering 
college. He suggested that every teacher should 
procure all the current information from the 
College Entrance Examination Board. 

Gertrude Hendrix gave her experiences in 
being associated with a project at the University 
of Illinois designed for college preparatory stu- 
dents. She advised teachers to cultivate an alert 
attitude and to seek information with an open 
mind. 

Dorothy Roberts told of her experience at 
Rensselaer Polytechnic Institute as a General 
Electric Fellow. At these summer-school ses- 
sions, teachers are acquainted with industrial 
applications of mathematics. She also pointed 
out the value of individual reading to get real 
information on the subject. 

Veryl Schult suggested that mathematics 
teachers read the publications of the Affiliated 
Groups by a program of exchange of news letters 
among the groups. She felt that all science fairs 
should have mathematics sections. There was a 
request from the floor that a list of the news- 
letters and bulletins, with addresses of the Affili- 
ated Groups, be compiled. This list would be 
available for use of members wishing to sub- 
scribe for the publications. 

Edward E. Bosman supplemented these top- 
ics by telling of the present interest which indus- 
tries are showing and their recognition of the 
need for scientific and mathematical training. 
He made a plea that all teachers should attempt 
to develop a twentieth-century concept of 
mathematics. He proposed that every teacher 
aim to give better instruction to his pupils and 
to take advantage of the many opportunities for 
in-service training. Each year, said Mr. Bosman, 
he should resolve to develop a new technique or 
a new method, and to keep informed of the new 
trends. 


Portland program for gifted children 

A brief account of the Program for the 
Gifted Child in the Portland Public Schools was 
given by Lesta Hoel, Mathematics Supervisor. 
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The mathematics program consisted of enrich- 
ment classes and mathematics seminars. A re- 
port on the five-year program will be available 
at the end of next year. 


Science-teaching improvement program 

The report on the Science Teaching Im- 
provement Program of the American Associa- 
tion for the Advancement of Science was given 
by Dr. John R. Mayor, Director. Dr. Mayor 
declared that never before has there been a time 
when teaching mathematics can be so exciting. 
Recognition of the importance of mathematics 
and science by government, industry, and the 
lay population brings to teachers of these areas 
the responsibility for improvement of methods 
of instruction. 


Nominations 

Clifford Bell, Chairman of the Nominating 
Committee, reported that nominees for Presi- 
dent, a Vice-President from the elementary 
level, a Vice-President from the secondary level, 
and three Directors would be chosen for 1958 
election. 


Resolutions or requests to the Board of Directors 


Catherine Lyons pointed out that the Dele- 
gate Assembly is an open forum for exchange of 
ideas and problems. It is not a policy-making 
body. Suggestions to the Board of Directors 
should be presented in writing to the Board 


-through the office of the Executive Secretary. 


Nellie Alexander suggested that the blank for 
membership in the National Council have a 
space for a person to designate the affiliated 
group to which he belongs. 


Curriculum project 


Frank B. Allen reported that the Secondary 
School Curriculum Committee is making a 
study of the curriculum in secondary school 
mathematics with relation to needs. The Na- 
tional Council, as an organization, will use its 
influence to implement the recommendations of 
the committee to secondary schools. 


Future meetings 

H. B. Risinger informed the group that the 
1957 summer meeting will be at Northfield, 
Minnesota. There will be no Christmas meeting 
in 1957, and the annual meeting will be held at 
Cleveland in 1958. He brought up the question 
of co-ordinating the summer meeting with sum- 
mer workshops, so one could implement the 
other. 


Membership 


Mary Rogers, Chairman of the Membership 
Committee, after thanking every who had as- 
sisted in gaining new members, gave an analysis 
of the membership growth of N.C.T.M. to a 
total of 15,175 members in February, 1957. Miss 
Rogers asked for the help of all members of 
N.C.T.M. in the continuing drive to enroll more 
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teachers in the organization. She suggested the 
following ideas to individual members: To help 
in the membership drive, each one can win one. 
Give support to the State Representatives. Pro- 
fessors of education, supervisors, and depart- 
ment chairmen can bring in members. All mem- 
bers can make use of the N.C.T.M. directory. 
Miss Rogers asked the group to express an opin- 
ion on the new goal to set. The majority favored 
a quota of 25,000 members. 

Miss Roudebush thanked the program chair- 
and the committees. The meeting adjourned at 
noon. 

Respectfully submitted, 
Clementina George, 

Lucille Brooks, 

Secretaries of Delegate Assembly 


The following people were chosen by their 
local groups as delegates and alternates to the 
Delegate Assembly. Where two names are listed, 
the first is the delegate, and the second one the 
alternate. 


California Mathematics Council 
L. Clark Lay, 593 W. Montana Street, Pasa- 
dena, California 
James Nudelman, 10574 N. Blancy Avenue, 
Cupertino, California 
The District of Columbia Teachers of Mathematics 
Jane M. Hill, 3051 Harrison Street N.W., 
Washington 15, D.C. 
Benjamin Banneker Mathematics Club 
Juanita Tolson, 723 Jefferson Street N.W., 
Washington, D.C. 
Florida Council of Teachers of Mathematics 
Dr. Kenneth Kidd, Rt. 2, Box 49, Gaines- 
ville, Florida 
Dade County Council of Teachers of Mathematics 
Nick Borota, 6320 8.W. 29th Street, Miami, 
Florida 
Miss Mary Nesbit, 275 N.W. Second Street, 
Miami, Florida 
Pinellas County Council of Teachers of Mathe- 
matics 
Mr. Wade Hankinson, 1809 60th Street 
South, St. Petersburg, Florida 
Mrs. Edna Andrews, 4740 First Avenue 
North, St. Petersburg, Florida 
Georgia County Council of Teachers of Mathe- 
matics 
Miss Elizabeth Parker, West Georgia College, 
Carrollton, Georgia 
Illinois Council of Teachers of Mathematics 
Nellie Alexander, South High School, Ed- 
wardsville, Illinois 
Men’s Mathematics Club of Chicago and Metro- 
politan Area 
Brother Norbert, C.S.C., 1110 Noble Street, 
Chicago, Illinois 
Lee Dulgar, 17606 Washington Avenue, 
Homewood, Illinois 
Indiana Council of Teachers of Mathematics 
Robert L. Green, Shortridge High School, 
Indianapolis, Indiana 


Gary Council of Teachers of Mathematics 
Izelia McWilliams, 131 East Fifth Avenue, 
Gary, Indiana 
Iowa Association of Mathematics Teachers 
Mrs. Jean Cross, Vinton, Iowa 
Louisiana-Mississippi Branch of the National 
Council of Teachers of Mathematics 
Dr. Houston Karnes, Louisiana State Uni- 
versity, Baton Rouge, Louisiana 
Mathematics Section of the Maryland State 
Teachers Association 
Helen Warren, Snow Hill, Maryland 
Mathematics Teachers of Prince George’s County, 
Maryland 
Mrs. Iris Lewallen 
Margaret Myerly 
Michigan Council of Teachers of Mathematics 
Mary Reed, 1070 McAllister, Benton Harbor, 
Michigan 
Detroit Mathematics Club 
W. H. Edwards, 629 North Main Street, Mil- 
ford, Michigan 
Minnesota Council of Teachers of Mathematics 
Harvey O. Jackson, 4921 Fifth Avenue South, 
Minneapolis, Minnesota 
Missouri Council of Teachers of Mathematics 
8S. Louise Beasley, Lindenwood College, St. 
Charles, Missouri 
Nebraska Section—National Council of Teachers 
of Mathematics 
David Wells, Extension Division, University 
of Nebraska, Lincoln, Nebraska 
The Association of Teachers of Mathematics in 
New England 
Lee Jameson, Beverly High School, Beverly, 
Massachusetts 
Gertrude Hazzard, 17 High Street, Guilford, 
Connecticut 
Association of Mathematics Teachers of New 
Jersey 
Lina D. Walters, Mt. Hebron Junior High 
School, Upper Montclair, New Jersey 
Association of Mathematics Teachers of New York 
State 
Lucille Brooks, Marcellus Central School, 
Marcellus, New York 
Mrs. Florence Deci, Palmyra-Macedon Cen- 
tral School, Palmyra, New York 
Suffolk County Mathematics Teachers Association 
Edna VanWart, R. L. Simpson High School, 
Huntington, Long Island, New York 
Department of Mathematics of the North Carolina 
Education Association 
Robert Clary, Roanoke Rapids High School, 
Roanoke Rapids, North Carolina 
Miss Annie John Williams, 2021 Sprunt 
Street, Durham, North Carolina 
Ohio Council of Teachers of Mathematics 
Charles Scott, 858 Roanoke Road, Cleveland 
Heights, Ohio 
The Greater Cleveland Mathematics Club 
James D. Gates, 5728 Brecksville Road, 
Cleveland 31, Ohio 
James D. Bristol, 18526 Kinsman Road, 
Cleveland 22, Ohio 
Mathematics Club of Greater Cincinnati 
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Eleanor Graham, 3529 Shaw Avenue, Cin- 
cinnati 8, Ohio 
Helen Walter, 522 Overhill Lane, Cincinnati 
38, Ohio 
Greater Toledo Council of Teachers of Mathemat- 
Eva Samsen, 3617 Watson Avenue, Toledo 
12, Ohio 
Oregon Council of Teachers of Mathematics 
Lesta Hoel, Portland Public Schools, Pert- 
land, Oregon 
Oscar Schaaf, 123 Leigh, Eugene, Oregon 
Pennsylvania Council of Teachers of Mathematics 
Edward Bosman, East Stroudsburg, Penn- 
sylvania 
Catherine Lyons, Pittsburgh 2, Pennsylvania 
Western Pennsylvania Association of Teachers of 
Mathematics 
Earle F. Myers, 322 13th Avenue, New 
Brighton, Pennsylvania 
Dr. John C. Knipp, 323 Morewood Avenue, 
Pittsburgh 13, Pennsylvania 
Association of Teachers of Mathematics of Phila- 


delphia and Vicinity 
Shaylor Woodruff, Abington High School, 
Abington, Pennsylvania 
Morna Hyatt, Academy of New Church, 
Bryn Athin, Pennsylvania 
Mathematics Section, Virginia Education Asso- 
ciation 
Mrs. Helene Walker, Handley High School, 
Winchester, Virginia 
Mrs. Owen Hoagland, James Wood High 
School, Winchester, Virginia 
Richmond Branch of the National Council of 
Teachers of Mathematics 
Allene Archer, 2241 W. Grace Street, Rich- 
mond, Virginia 
The Puget Sound Council of Teachers of Mathe- 
matics 
Miss Sylvia Vopni, Education Dept., Uni- 
versity of Washington, Seattle, Washing- 
ton 
Wisconsin Mathematics Council 
Laura Wagner, 634 Short Street, Fort Atkin- 
son, Wisconsin 


The 1957 election of officers and direc- 
tors of The National Council of Teachers 
of Mathematics made significant history 
for the Council. The number of votes cast 
in the most recent past elections had grown 
so large that it became very desirable to 
find a more efficient method of counting 
the votes. A committee was appointed by 
President Fehr to make a study of various 
possibilities. Recommendations were made 
to the Board of Directors at the time of 
the Christmas meeting, 1956, in Jones- 
boro. 

The plan adopted by the Board called 
for the selection of a reliable organization 
equipped to provide punch-card services. 
The Remington Rand Division of the 
Sperry Rand Corporation was the one 
chosen. All ballots were returned to the 
Executive Secretary in sealed envelopes 
and were kept under seal until the close of 
the voting period. At this time they were 
released to the Remington Rand organi- 
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Report on the 1957 election of officers 


zation, which, in turn, processed all votes 
cast. After completing the count, the 
manager of the company certified the re- 
sults of the election by sending a signed 
statement of these results to each of three 
people: President Fehr, Executive Secre- 
tary Ahrendt, and the Chairman of the 
Committee on Nominations and Elections. 

The new officers elected in the 1957 
election are: 


Vice-President for College: Robert F. 
Pingry 
Vice-President for Junior High School: 
Alice M. Hach 
Directors: Clifford Bell 
Robert E. K. Rourke 
Annie John Williams 


Respectfully submitted, 


F. Lynwood Wren, 
Chairman, Committee on Nominations 
and Election 
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@ NOTES FROM THE WASHINGTON OFFICE 


Edited by M. H. Ahrendt, Executive Secretary, NCTM, Washington, D.C. 


Annual financial report 


Below is a brief financial report of the on May 31, 1957, to $42,569.20, making a 
Council for the fiscal year ending May 31, _ net cash loss during the year of $8,117.08. 
1957. The report shows that on June 1, This report is more meaningful if viewed 
1956, we had total cash resources of _ in the perspective of our financial picture 
$50,686.28. These resources had declined over a period of years. Following is a 


Receipts and expenditures of The National Council of Teachers of Mathematics 
for the fiscal year, June 1, 1956-May 31, 1957 


June 1, 1956—Total cash resources $50 , 686.28 
Receipts 
Memberships with Tae Matruematics TEACHER subscriptions....... $ 28,690. 
Memberships with The Arithmetic Teacher subscriptions 10,772. 
Institutional subscriptions to Tae MarHeMaAtics TEACHER 14,889. 
Institutional subscriptions to The Arithmetic Teacher 7,999.3: 
Subscriptions to The Mathematics Student Journal 4,419. 
Sale of advertising space in THe MatHematics TEACHER 4,134. 
Sale of advertising space in The Arithmetic Teacher 1,030. 
Interest on U. 8S. Treasury Bonds 375. 
Net profit from conventions 240. 
Miscellaneous 145. 
Sale of quotation from ‘‘Numbers and Numerals” 133. 
Sale of publications 

Yearbooks 10,755. 

10,279. 


Total receipts $ 93,865. 


Expenditures 
Washington office $ 32,992. 
President’s office 1,667. 
Vice-President’s office expenses 149. 
Tue MatHematics TEACHER 29 ,064. 
10,399. 
2,876. 
Committee work 721. 
Secondary School Curriculum Committee 3,029. 
Travel by Board members 2,188. 
Preparation and printing of yearbooks 8,010. 
Preparation and printing of supplementary publications 3,803. 
Preparation, printing, and mailing of Directory 6,816. 
Storage and shipment of publications, miscellaneous 262. 


Total expenditures $101,982.56 
Decrease in cash resources 
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record of our cash balances at the end of 
each of the six previous fiscal years. 


May 31, 1951 $27 , 206.96 
May 31, 1952 29 ,077 .52 
May 31, 1953 31,875.20 
May 31, 1954 32,702.45 
May 31, 1955 41,868.00 
May 31, 1956 50 , 686.28 
May 31, 1957 42,569.20 


This record shows that the past year is 
the first in which we have not made a 
profit since we became affiliated with the 
NEA. Our loss during this year is the re- 
sult of constantly increasing costs and of 
the broadening scope of our activities. 

An example of increasing costs is the in- 
crease in printing and mailing costs of Tue 
MatTuematics TEACHER and the Arith- 
metic Teacher. Examples of the broadening 
scope of our activities are the publication 
of our Membership Directory and our sub- 
sidizing of the important preliminary 
work of the Secondary School Curriculum 
Committee. 

We seem to be faced with two alterna- 


tives: either increase our income by raising 
the dues, or drastically reduce certain 
phases of our program. Fortunately we 
have a sufficient cash reserve to tide us 
over a year of adjustment. 

A few additional items in the report 
may need explanation. The net profit from 
the conventions is the balance left after all 
expenses, local and national, have been 
paid. The quotation from Numbers and 
Numerals was purchased by Simon and 
Schuster for use in their new publication 
entitled The World of Mathematics. 

The expenses of the Washington Office 
included salaries for seven persons, sup- 
plies for both the office and the general 
program, handling and mailing of publica- 
tions sold, renewal notices, membership 
and sales promotion, and travel by the 
Executive Secretary. The expenditures for 
the President’s office included secretarial 
expenses, travel, and special projects. The 
expenditures for each journal include all 
costs for printing, mailing, editing, and 
travel. 


The 1957 Budget 


The Budget Committee for 1957 was 
composed of Miss Agnes Hebert, Dr. 
Houston T. Karnes, and Dr. John R. 
Mayor, Chairman. After much corre- 
spondence and one meeting, the Commit- 
tee formulated a budget which was pre- 


Receipts 


Memberships and subscriptions 

MSJ subscriptions 

Advertising in journals 

Interest on U. 8. Treasury bonds 

Transfer from Publications Account & Reserve 


sented to the Board at its annual meeting 
on March 26, 1957, in Philadelphia, 
Pennsylvania. The budget as presented 
was revised somewhat before being 
adopted by the Board. The budget as 
adopted by the Board is shown below. 


$101,540 
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Expenditures 


Washington Office 
Executive Secretary 
Salary 
Special benefits 


Secretarial and clerical help 
Salaries 
Special Benefits 
Office Expenses 
Membership work 


President’s Office 
Office Expense 


Vice-Presidents 
Postage and secretarial help ($60 each) 


Tue MarHematics TEACHER 


Printing and mailing 
Editorial and office expense 
Travel, Editor 


The Arithmetic Teacher 


Printing and mailing 
Editorial and office expense 
Travel, Editor 


Mathematics Student Journal 


Printing and mailing 
Editorial and office expense 
Travel, Editor 


Affiliated Groups 
Committee work 
Travel, Directors 
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Other 


Your professional dates 


The information below gives the name, date, MATICcs TEACHER. Announcements for this col- 
and place of meeting with the name and address umn should be sent at least ten weeks early to 
of the person to whom you may write for further the Executive Secretary, National Council of 


information. For information about other meet- Teachers of Mathematics, 1201 Sixteenth Street, 
ings, see the previous issues of THe Marne- N.W., Washington 6, D. C. 


NCTM convention dates 


ANNUAL MEETING M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
April 9-12, 1958 Washington 6, D. C. 


Hotel Cleveland, Cleveland, Ohio 
Lawrence Hyman, Board of Education, Cleve- 


EIGHTEENTH SUMMER MEETING 


land, Ohio August 19-20, 1958 
. 2 Colorado State College of Education, Greeley, 
JOINT MEETING WITH NEA 
Colorado 
June 30, 1958 Forest N. Fisch, Colorado State College of Edu- 
Cleveland, Ohio cation, Greeley, Colorado 


Other professional dates 


Mathematics Section of Maryland State Teachers Capuchino High School, San Bruno, California 
Association Nancy Brown, 1432 Key Boulevard, San Pablo, 

October 11, 1957 California 

Johns Hopkins University, Baltimore, Maryland 

Helen Warren, Wicomico Senior High School, Arkansas Council of Teachers of Mathematics 


Salisbury, Maryland 
November 8, 1957 
Northern Section of the California Mathematics Marion Hotel, Little Rock, Arkansas 
Council Christene Poindexter, Central High School, 


October 12, 1957 Little Rock, Arkansas 


Their [admissions officers’] saddest task, I 
presume, is to measure and reflect upon the 
great wastage of human talent in most of our 
states. For some states, it is nothing less than 
shocking. It is not just a matter of missed oppor- 
tunities. Somewhere along the line, millions of 
able youth have lost their zest for learning. They 
have gone the easy way of listening without 
learning, watching without doing, “thinking” 
without any original thoughts. We might call 
them intellectual delinquents.—Taken from 
George D. Stoddard, “Higher Education’s Unfin- 
ished Business,”’ College Board Review, No. 30, 
Fall, 1956. 
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THE MALLORY MATHEMATICS SERIES 


FOR HIGH SCHOOL 


GENERAL MATHEMATICS 
MATHEMATICS FOR EVERYDAY AFFAIRS 
COMMERCIAL ARITHMETIC 

HIGHER ARITHMETIC 

FIRST ALGEBRA 

PLANE GEOMETRY 

SECOND ALGEBRA 

SOLID GEOMETRY 

NEW TRIGONOMETRY 

SENIOR MATHEMATICS 


Virgil S. Mallory 


Chauncey W. Oakley 
Kenneth C. Skeen 
Howard F. Fehr 
William M. Polishook 
Ivan E. Chapman 

S. Herbert Starkey, Jr. 


Dr. Mallory has been a recognized authority in the field of mathematics for 
many years. In collaboration with these authors he has produced a series of 
mathematics books which presents the only program under one authorship, 
conforming to one sound, basic philosophy throughout. 


The texts are unquestionably designed to teach mathematics—from low aver- 
age to pre-engineering. Each is based on the needs and nature of the student 
at a particular level of maturity. Each contributes to the achievement of a 
single unified set of objectives. 
to help you teach 
Clear, concise explanations, checked with recognized readability formulas 
Step-by-step development of principles 
Model solutions “boxed” for effectiveness 
Many practice exercises to fix skills — carefully graded into three levels of 
difficulty 

At the end of each chapter: A summary of the chapter 

Keyed practice on the chapter 

Final test on the chapter 

Review material and test on all chapters covered 


We shall be glad to furnish 
further information on request 
THE L. W. SINGER COMPANY, INC. 
Benj. H. Sanborn & Co. — Affiliate 

249-259 W. Erie Boulevard, Dept. 5, Syracuse 2, New York 


Please mention the MaTHEMATICS TEACHER when answering advertisements 
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“TEN TEACHING AIDS YOU CAN MAKE” 


These teaching aids are the result of over 25 years experience in the 
mathematics classroom. 

Each of these aids, so easy to make by following the simple directions 
and the accurate illustrations, is used for not one, but for many, many, 
perfect lessons. 

The aid immediately captures the interest of the class and holds that 
interest throughout your lesson. 

A “gold mine” of good and effective lessons for you and your classes. 


Send $1.00 for 
Your Copy to: 


(No Stamps Please) 
YOUR MONEY REFUNDED IF YOU ARE NOT COMPLETELY SATISFIED WITH THIS BOOKLET 


TEACHING AIDS e 3625 LATHAM ROAD ¢ BALTIMORE 7, MARYLAND 


Are you building? remodeling? equipping? 
You Need 
DESIGNING THE MATHEMATICS CLASSROOM 


by Lawrence P. Bartnick 
Discusses physical facilities, equipment, supplies, enrichment materials, with sources of supply 
and typical prices. 
Contains a good group of typical floor plans for the mathematics classroom and laboratory. 


44 pages Price $1.00 
Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street N.W. Washington 6, D.C. 


Secondary Mathematics 


A COMPLETE PROGRAM TO FACILITATE 
TEACHING—TO ENHANCE LEARNING 


“Excellent innovations . . . well conceived ideas 
. will appeal to conservative and forward- 


looking teachers.” 


Smith-Lankford ALGEBRA ONE and TWO , 
Smith-Lankford PLANE and SOLID GEOMETRY 
Smith-Hanson TRIGONOMETRY 


World Book Company 


Yonkers-on-Hudson, New York 2126 Prairie Avenue, Chicago 16 


Please mention the MatHematics TEACHER when answering advertisements 


| 2 
fa 


Graphic, tangible, colorful 
felt symbols adhere readily to 
the flannel board’s surface. 
Attention stays high, and 
even complex problems “get 
across” quickly to the class. 


At last! Flannel Board Material 
prepared especially for sixth 
to twelfth grade mathematics 


Quality Instruco Flannel Boards are covered with long- 
wearing high nap flannel in a choice of light or dark 
green. Framed in handsome finished oak. Detachable 
Tilt-Rite stand supplied with boards No's. 7 and 8. 


No. 7 —24"'x36" FOLDING BOARD 
(folds to 18"'x24") 

No. 8 —24''x36" FLANNEL BOARD 

No. 9 —36"x48" FLANNEL BOARD 

No. 9F—36"'x48" FOLDING BOARD 
( folds to 24''x36"'} 

No. E-4—OAK FOLDING EASEL 


No. 230—STUDY OF GRAPHS 

Complete set for teaching bar, line, picture, circle, and 
linear-equation graphs. "433" grid fits over your 
flannel board face. Also, 19" circle calibrated 
degrees, plus felt numbers, letters, bars, symbols, de. 
seves time. More realistic than chalk-drawn graphs. $3.95 


No. 50—NUMBER ASSORTMENT 
Thi 3-inch numbers, 3 each, 0 through 9. Choice of 
or yellow $.60 


FREE! Write for Instructo’s complete catalog 
showing all sets available. 


No. 235—STUDY OF ANGLES 

19" screen-printed circle calibrated in degrees, plus 
felt radii, diameter, and screen-printed terms: “Ri nt, 
Oblique, Radius, "ete. Construct angles right 


No. 220—FRACTIONAL PARTS (CIRCLES) 

Seven 7" felt circles, each a different color; one whole; 

—— divided into ‘halves, thirds, fourths, fifths, sixths, 
and eighths $1.00 


No. 222—FRACTIONAL PARTS (SQUARES) 

Six 7" felt squores, each a different color. Shows 3 ways 
of dividing squore into quarters; two ways - dividing 
into halves $1.00 


No, 224—NUMERALS AND FRACTIONS 
Blue fractional numbers screen-printed on white felt; 


No. 63—FELT PIECES 
Make your own cut-outs. 


12 sheets felt, each 9 5 
6 assorted colors $1.50 


ree from your school supply dealer or write to: 


«JACRONDA MFG. CO. 


Dept. 1D, 5449 Hunter St., 


Phila. 31, Pa. 


Please mention the MatHematics TEACHER when answering advertisements 
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The answer is... 
A HART TEXT 


For every mathematics need, there 
is a Hart text—algebras, geome- 
tries, and general mathematics 
texts written with other leaders in 
the field of high school mathe- 


matics. 


First Year Algebra 
Second Year Algebra 


Hart, Schult, Swain 


New algebras that combine a modern 
point of view with all the time-tested 
features of the earlier Hart books 


Plane Geometry 
W. W. Hart 


Features teachability and logical accu- 
racy with an abundance of graded ex- 
ercises 


Solid Geometry 


Hart and Schult 


A lively text with clear diagrams and 
interesting photographs 


Mathematics in Daily Use 
Third Edition 
Hart, Schult, Irvin 


Coming in January—a general mathe- 
matics text designed to fit the needs of 
the nirth grade pupil who does not elect 
algebra 


D. C. Heath and Company 


Sales Offices: Englewood, N. J., Chicago 16, 
San Francisco 5, Atlanta 3, Ballas 1 
Home Office: Boston 16 


DO YOU DREAD 


TRY THE EASY, 
DUSTLESS WAY 
OF BLACKBOARD WRITING 


NEW HAND-GIENIC, the automatic pencil 
that uses any standard chalk, ends forever 
messy chalk dust on your hands and clothes. 
No more recoiling from fingernails scratching 
on board, screeching or crumbling chalk. 
Scientifically balanced, fits hand like a foun- 
tain pen... chalk writing becomes a smooth 
pleasure. At a push of a button chalk ejects 
. . . retracts for carrying in cket or purse. 
It's the ‘‘naturel'’ gift for a fellow teacher, too! 
STOPS CHALK WASTE—CHECKS ALLERGY 
Because HAND-GIENIC holds chalk as short as 
4" and prevents breakage, it allows the use of 
%% of the chalk length in comparison with 
only 45% actually used without it. Hand never 
touches chalk during use, never gets dirty or infected from 
allergy. 

STURDY METAL CONSTRUCTION for long, reliable service. 
1-YR. WRITTEN GUARANTEE. Jewel-like 22K gold plated 
cap, onyx-black barrel. Distinctive to use, thoughtful to give. 
FREE TRIAL OFFER. Try it at our risk: Send 2 for one (or 
only $5 for set of 3). Postage free—no COD's. Enjoy HAND 
GIENIC for 10 days, show it to other teachers. If not de- 
lighted, return for full refund. Ask for quantity discounts and 
Teacher-Representative plan. It's not sold in stores, ORDER 
TODAY. 

HAND-GIENIC, Dept. 24, 161 West 23 St., New York 11, N. Y. 


MATHEMATICS CONTESTS 


Information sent on request 


STUDENT SLIDE RULES 


FIELD WORK IN MATHEMATICS 


By Shuster and Bedford 
Other special books to 
enrich mathematics teaching 


FIELD WORK INSTRUMENTS 


Transits, Plane Tables, Alidades, Sextants, 
Hypsometers, Angle Mirrors, Tapes, Leveling 
Rods, Ranging Poles 


GROVE'S MOTO-MATH SET 
To illustrate all plane figures in High School 
and College Mathematics 


MULTI-MODEL GEOMETRIC 
CONSTRUCTION SET 
For Solid Geometry 
VISUAL AIDS AND MODELS 


Send for Literature and Prices 


YODER INSTRUMENTS 


The Mathematics House Since 1930 
East Palestine, Ohio 


Please mention the MatHematics TEACHER when answering advertisements 
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Mathematics for Today’s Needs 


ALGEBRA: Its Big Ideas and 
Basic Skills, Books | and Il 


Second Edition 


Organized around the big ideas and basic skills of 

algebra, making it more understandable and meaning- Aiken 

ful to students. Optional topics and problems for su- 
perior students. Many new problems to fix and apply Henderson 
skills. Two colors throughout, with the second color and 

used to teach. 160 new drawings, adding a visual di- 
mension to ideas. Exercises to help pupils discover 
principles. Self tests to check progress. Tests and Teach- 
er’s Key. Solutions Manual for Book I. 


Pingry 


USING MATHEMATICS 7-8-9 


Makes mathematics interesting and challenging to 7th, 

girls, farm and city pupils. Easy reading level. Color 
and drawings and cartoons provide motivation and illus- 
Pingry trate principles. Self-teaching methods help pupils to 
discover principles for themselves, The meaningful ap- 
proach makes clear the reason why as well as the how. 
Teacher’s Manuals and Keys. Teacher’s Editions of 


Books 7 and 8. Problems Workbooks in preparation. 


Mathematics: A First Course 
A Second Course—A Third Course 


Rosskopf, Aten, and Reeve 


McGRAW-HILL BOOK COMPANY 


New York 36 Chicago 30 Dallas 2 San Francisco 4 


Please mention the MATHEMATICS TEACHER when answering advertisements 


complete teaching equipment 
with 


Making Mathematics Work 


Practice and Review for Making Mathematics Work 


NELSON A workbook geared to the teaching plan and objectives 
GRIME of the text. Through interesting diagnostic tests it 
maintains and checks skills as well as measures achieve- 
ment. 
and with 


Algebra for Problem Solving 


Practice and Achievement Tests to Accompany Alge- 


Books 1 and 2 bra for Problem Solving 
a Books 1 and 2 contain more than 11,000 practice and 
review exercises and problems. These companion work- 
FREILICH books give students extra practice, drill, and review 
BERMAN with an additional 1340 problems and exercises. The 
JOHNSON tests in these workbooks may also be used as measures 


of achievement. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Atlanta Dallas Palo Alto 


LONG TIME FAVORITES . . . COMPLETELY REVISED 


EDGERTON - CARPENTER 
ELEMENTARY ALGEBRA 

Revised by MYRON R. WHITE 
Functional use of color in the text and illustrations 
is an added feature of this new edition. Unusually 
flexible, it easily adapts itself for use with each 
classroom level. Use as a basic text for ninth grade 
elementary algebra. 


Written in an easy conversational tone, the use of 
color throughout this newly revised text, provides for 
teaching aids as well as a bright new format. Many 
completely solved examples, plus an abundance of 
exercises divided into A and B groups, make this 
text particularly teachable. 


ALLYN and BACON, Inc. 
Boston 8 ¢ Englewood Cliffs, N. J. © Chicago 7 
Atlanta 3 Dallas 2 . San Francisco 5 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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‘for. naval propuision“at Combustion Engi- 
 neering’s Nucléar Research. tind Development 
eg located on a 535 acre: beautiful 
Connecticut valley neat Hartford,” 
Permanent positions: ‘availoble in fe idumerical 
ysis of programming: problems for. h igh-speed. digital 


“OPPORTUNITY FOR 
“INDIVIDUAL GROWTH 


A NEW 
OF A PIONEER IN THE 
MANUFACTURE OF 
TEAM 


COMBUSTION ENGINEERING, INC. 


REACTOR DEVELOPMENT DIVISION, WINDSOR, CONN. 


Please mention the MatHematics TEACHER when answering advertisements 
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EUUTP MENT 


Welch—Slides and Filmstrips 
for Mathematics 


Algebra 


These seven filmstrips explain those con- 

cepts that the inning student often 

finds difficult, including graphs, formu- 

las, equations, and the handling of signed 

numbers. The connection between arith- 

metic and algebra is emphasized, and We. 

questions are included for student par- Fé 

No. 39936. Algebra Set, boxed. ye? x 
$21.00 


Twelve filmstrips emphasize the visual 
aspects of geometry through applications. 
Demonstrative geometry is also included. 
All phases of plane geometry are covered 
in the complete set, including loci, areas, 
circles, congruency, parallel lines, tri- 
angles, polygons and quadrilaterals. 


No. 3993W. Geometry Set, boxed. 


Integral Calculus 


New “we odd rectorgies the ond left the 
Four filmstrips demonstrate the finding fas “as shown|m we figure below 
of areas and volumes by single, double, fae = 
and triple integration in rectangular and 
polar coordinates. Simple illustrations 
are used to aid the beginning student to 
visualize the basic concepts. 
No. 3994N. Integral Calculus Set, 
boxed. $15.00 


For additional information, write for the 
WELCH Mathematics Instruments 


W. M. WELCH and Supplies Catalog 
SCISHT 1515 Sedgwick Street, Chicago 10, Illinois, U.S.A. 


Please mention the Marnematics Teacner when answering advertisements 
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